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@ Kernel and hypothesis set
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Kernel machine intuition
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Kernel machine intuition
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@ (1) fit the data minimize Remp
@ (2) regular solution regularize
@ (3) examples contribution use Kernels <= specify H
@ (4) remove useless examples be sparse



Kernel machine intuition
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remove useless examples be sparse

Kernel machines: ,5"'7'1 (Remp and H complexity ) with kernel based H
€

universal, good statisticaly and computationaly

L. Bottou & O. Bousquet, NIPS 07



Kenrel machine

kernel as a dictionary

f(x) = Z aik(x,x;)

@ «; influence of example / depends on y;
@ k(x,x;) the kernel do NOT depend on y;

Definition (Kernel)

Let X’ be a non empty set (the input space).

A kernel is a function k from X x X onto R. <° XX — R
s, t — k(S, t)




Kenrel machine

kernel as a dictionary

F(x) = aik(x,x)
i=1

@ «; influence of example / depends on y;
@ k(x,x;) the kernel do NOT depend on y;

Definition (Kernel)

Let X’ be a non empty set (the input space).
k: XxX — R

A kernel is a function k from X x X onto IR.
s,t — k(s t)

semi-parametric version: given the family g;(x), j =1,p

F(x) =D aik(x,xi)+ Y Bq;(x)
i=1 j=1



Machine a noyaux

Definition (Kernel machines)
((XHyI)I 1,n (X) <Za’ k(x, xj +Zﬂjqj )

« et 3: parameters to be estimated.

Exemples
= Z ai(x — x;)3 + Bo + Bix splines
A(x) = sign <Z o exp e —I—Bo) SVM

iel
P(y|x) = £ exp (Z il (xTx; + b)2) exponential family
iel
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In the beginning was the kenrel...

Definition (Kernel)

a function of two variable k from X x X to R

Definition (Positive kernel)

A kernel k(s,t) on X is said to be positive
o if it is symetric: k(s,t) = k(t,s)
@ an if for any finite positive interger n:

V{ai}i:Ln € ]R,V{X,'},':Ln e X, ZZa;ajk(X,',Xj) >0

i=1 j=1

it is strictly positive if for a; # 0

Z Za;ajk(x,-,xj) >0

i=1 j=1



Examples of positive kernels
the linear kernel: s,t e RY, k(s,t)=s't

symetric: s't=t"s

n

positive: Z Zn: ajojk(xi, xj) = Zn: zn: ajajx; x;

i=1 j=1 i=1 j=1

n
E X
i=1

2

the product kernel:  k(s,t) = g(s)g(t) for some g : R? — R,

symetric by construction

positive: > > ajajk(xi,x;) = > ajojg(xi)g(x;)

i=1 j=1 i=1 j=1

n n n 2
= <Z aig(xi)> (Z Oéjg(xj)> = <Z Otig(xi)>
i=1 j=1 i=1

v

k is positive < < k(s, t) = (¢s, Pt)



Example: finite kernel

let ¢;,j =1, p be a finite dictionary of functions from X to R (polynomials,
wavelets...)

the feature map and linear kernel

X = RP
S — ¢:(¢1(S),...,¢p(s))

Linear kernel in the feature space:

k(s,t) = (¢1(5), - 0p(s)) " (61(t), ..., Dp(t))

feature map:

e.g. the quadratic kernel: s,t e RY, k(s,t) = (s"t + b)2
feature map:
b - ]Rd N ]RP:1+d+@
s — &= (1, V2s1, ..., ﬂsj, e ﬂsd,sf, ...,51.2, ...,53, e \@s,-sj, )




closed form kernel: the quadratic kernel
The quadratic dictionary in RY:

d(d+1)
®: R - RPIITTE

2 2 2
s = ®=(1,5,%,...,5,5,55, ., S5y s SiSj, ...

in this case
O(s) D(t) = L+ s1t1 + Soto + .. + Satg + STEE + .. + SIS+ . SiSitit + .



closed form kernel: the quadratic kernel
The quadratic dictionary in RY:

d(d+1)
®: R - RPIITTE

2 2 2
s = ®=(1,5,%,...,5,5,55, ., S5y s SiSj, ...
in this case

O(s) O(t) = 1+ 1ty + Sotp + .. + Sgtqg + STEE + oo + S5E5 + .+ SiSitit; +

d T 2
The quadratic kenrel: ste R k(st) (s't+1)

—1+425Tt+ (sTt)?
computes the dot product of the reweighted dictionary

nl(d+1)
o: RY —» RPIIHTE
s — o=

= (1,V251,V2s, ..., V254,52, 3, ..., 53, ..., V25;5j, ...)



closed form kernel: the quadratic kernel
The quadratic dictionary in RY:

d(d+1)
®: R - RPIITTE

s = ®=(1,5,%,...,5,5,55, ., S5y s SiSj, ...
in this case
O(s) D(t) = L+ s1t1 + Soto + .. + Satg + STEE + .. + SIS+ . SiSitit + .

s,teRY, k(s,t) = (s"t+ 1)2
—1+425Tt+ (sTt)?
computes the dot product of the reweighted dictionary:

The quadratic kenrel:

nl(d+1)

®: RY - RPHAT
s ¢:(1,\fsl,\@sz,...,ﬁsd,sf,sz, sd,.. \fs,sj,...)

p=1+d+ (dH) multiplications vs. d +1

use kernel to save computation



Positive definite Kernel (PDK) algebra (closure)
if ki(s,t) and kx(s,t) are two positive kernels

@ DPK are a convex cone: Va; e RT

@ product kernel

proofs

° by Iinearity'

ai kl(S, t) + kz(S, t)

ki(s,t)ko(s, t)

ZZa @ a]_kl(l J) + ka(i ,j = a ZZa ajk(i,J) +ZZQ ajka(i,J)

i=1 j=1 i=1 j=1

)= ZW(S)W(t)

i=1 j=1
@ assuming iy S.t. ki(s,t

n

i=1 j=1 i=1 j= 1

D

¢ i=1 j=1

ﬂl’l(x

ZZa;aj ki (xj, xj)ka(xj, x;) = ZZa @ Zd)g(x Ybe(xj)ka(xi,%;))

a_[ by (XJ)) k2 (Xl'7 Xj)




Kernel engineering: building PDK
@ for any polynomial with positive coef. ¢ from IR to R

e if Wis a function from R? to R?

e if ¢ from R? to RT, is minimum in 0

k(s,t) = (s +t) — (s — t)
@ convolution of two positive kernels is a positive kernel

Kl * K2
Example : the Gaussian kernel is a PDK

exp(—[s —t?) = eXP(—||5||§ — It - 225Tt) .
= exp(—|Is|[*) exp(—[t]|*) exp(2s " t)

@ s'tisa PDK and function exp as the limit of positive series expansion, so
exp(2s't) is a PDK

@ exp(—|[s||?) exp(—||t||?) is a PDK as a product kernel
@ the product of two PDK is a PDK




an attempt at classifying PD kernels

e stationary kernels, (also called translation invariant):

@ non

k(s t) = k(s — t)

radial (isotropic) gaussian: exp (—%) . r=|s—t|
with compact support
c.s. Matern : max(o,l - (i)”)ngk(g), k> (d+1)/2

locally stationary kernels: k(s,t) = ki(s + t)ks(s — t)
Kj is a non negative function and K, a radial kernel.

stationary (projective kernels):
k(s,t) = kp(s"t)

separable kernels k(s,t) = ki(s)ka(t) with k; and ko(t) PDK
in this case K = kik, where ki = (ky(x1), ..., k1(xn))



some examples of PD kernels...

type name k(s,t)
. . 2
radial gaussian exp (—%) , r=1ls—t
radial laplacian exp(—r/b)
. . 2
radial rationnal 1- o
radial loc. gauss. | max (0,1 — 3—’,3)d exp(—%)
non stat. X2 exp(—r/b), r=>"4 S:k+trkk
projective | polynomial (s"t)P
projective affine (s"t+ b)P
projective cosine stt/|s]l||t]]
projective | correlation exp ”Sﬂﬁ — b)

Most of the kernels depends on a quantity b called the bandwidth




the importance of the Kernel bandwidth

for the affine Kernel: Bandwidth = biais

T P
K(s,t) = (s t+ b)P = bP (Sbt + 1>

for the gaussian Kernel: Bandwidth = influence zone

— tlI?
k(s,t) = %exp (— ”5202” > b = 2052




the importance of the Kernel bandwidth

for the affine Kernel: Bandwidth = biais
T s't P
k(s,t) = (s't+ b)P = bP T+1
for the gaussian Kernel: Bandwidth = influence zone

42
k(s,t) = %exp (—”5202t||> b = 2052

[llustration
1 d density estimation

N—=

+ data
(X1, X2, ooy Xn)

— Parzen estimate rrn

{0y )l\‘

:
) =13 kixx) ) m\' A
i=1

-5 0 5 10




kernels for objects and structures

kernels on histograms and probability distributions
kernel on strings

@ spectral string kernel

k(s t) =32, Pu(s)¢u(t)

@ using sub sequences

@ similarities by alignements

k(57 t) = Zﬂ' exp(ﬁ(s, t, 7'())
kernels on graphs

@ the pseudo inverse of the (regularized) graph Laplacian

L=D-A A is the adjency matrixD the degree matrix

@ diffusion kernels

@ subgraph kernel convolution (using random walks)

and kernels on HMM, automata, dynamical system...




Multiple kernel

Dataset of proteins {py,p2, Ps, - - -, Pn}

——/ N — network ¢
sequence information t oy
.MAMSSGGSG.. 5 aly

i
K RS
5\-_\
Ko = RGO + S + SR

Figure 2: A dataset of proteins can be regarded in (at least) three different wz
of 3D structures, a dataset of sequences and a set of nodes in a network which ir
other. A different kernel matrix can be extracted from each datatype, using knov
shapes, strings and graphs. The resulting kernels can then be combined togeth¢
weights, as is the case above where a simple average is considered, or estimated *

the subject of Section

M. Cuturi, Positive Definite Kernels in Machine Learning, 2009



Gram matrix

Definition (Gram matrix)

let k(s, t) be a positive kernel on X" and (x;)j=1,, a sequence on X. the
Gram matrix is the square K of dimension n and of general term
K,'j = k(X,‘,Xj).

practical trick to check kernel positivity:
K is positive < \; > 0 its eigenvalues are posivies: if Ku; = \u;;i=1,n

T T
u; KU,‘ = )\,'Ui u, = )\,'

matrix K is the one to be used )




Examples of Gram matrices with different bandwidth

Gram matrix for b = 2

raw data

b=10



different point of view about kernels
kernel and scalar product
k(s, t) = (&(s), o(t))n
kernel and distance
d(s,t)? = k(s,s) + k(t, t) — 2k(s, t)

kernel and covariance: a positive matrix is a covariance matrix

P(f) = %exp(—%(f —fo) TKTH(F — fO))

if o =0and f = Ka, P(a) = % exp—%aTKoz
Kernel and regularity (green’s function)

k(s,t) = P*Pds_y for some operator P (e.g. some differential)



Let's summarize

positive kernels

there is a lot of them

can be rather complex

2 classes: radial / projective

the bandwith matters (more than the kernel itself)

@ the Gram matrix summarize the pairwise comparizons
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From kernel to functions
mg
Ho =< fl me <oo;f, e R;tj € X, f(x):ZfJ-k(x,tj)

let define the bilinear form (g(x) = 7 gik(x,s7)) :

mg Mg

Vf,g € Ho, ( =3 fi&ik(tj,s)

j=1i=1

Evaluation functional: ¥x € X

F(x) = (F(®), k(x, #))2e

from k to H

for any positive kernel, a hypothesis set can be constructed H = o with
its metric




RKHS

Definition (reproducing kernel Hibert space (RKHS))

a Hilbert space H embeded with the inner product (e, e)4 is said to be
with reproducing kernel if it exists a positive kernel k such that

Vs e X, k(e,s)eH
VF e M, f(s)=(f(e),k(s, )%

Beware: f = f(e) is a function while 7(s) is the real value of f at point s

positive kernel < RKHS
@ any function in # is pointwise defined
@ defines the inner product

o it defines the regularity (smoothness) of the hypothesis set

Exercice: let f(o) = >""_, ajk(e,x;). Show that |73, = o Ka




Remark about the regularity matter: from H to k
How to build H together with k?

let I, be a family in L2t € X (e.g. [i(s) =Tjcpy; X =[0,1])

define the following maping
S: 2 -5 R

g — Sig) Z/g(x)rt(x)dx )
- /ilg(x)ﬂ{xq}dx f(t):/ g(x) dx = G(t)
JO - J0

the following RKHS can be constructed

H = |m(5) <f1, f-2>7.[ = <g17g2>L2 k(S, t) = <r5, rt>L2

the reproducing property is verified:

(F() k(1)) = (&, Te)iz = £(1)

f(t) = Si(g) = (g, Te)12



[« examples and associated kernels

M (u) K(x,y)
Cameron Martin Ty min (x, y)
d
Polynomial eo(u) + Z xiei(u) xTy +1
=1 .
Gaussian %exp—(";”) 1 exp— 52

e} are a finite sub sample of an orthonormal basis in L2
iSi=1,d



[« examples and associated kernels

M (u) K(x,y)
Cameron Martin Ti<yy min (x, y)
d
Polynomial eo(u) + Z xiei(u) xTy+1
. 1 __<x—u)2 1 _x=y)?
Gaussian Zexp~ 2 S exp @

{ei}i=1,d are a finite sub sample of an orthonormal basis in L2
the Cameron Martin operator:Vf € H,3g € L? such that
f(t) = = JTe(v)g(v) du = [T, p8(u) du = G(t)

Il = l|Sglln = ||g||f2 = ||f’|\f2 generalized differential

integral S = P71 differential



other kernels (what really matters)

o finite kernels

-
k(s,t) = (¢1(5), - dp(s))  (1(t), ..., dp(t))
@ Mercer kernels
positive on a compact set & k(s,t) = Zfﬂ Ajoj(s)o;(t)

@ positive kernels

@ positive semi-definite

e conditionnaly positive (for some functions p;)

n n n
V{xi}tictn Vai, > aipi(xi) =0, j=1p, 3 Y aojk(xi,x;) >0

i=1 j=1
@ symetric non positive
k(s,t) = tanh(s"t + ap)
@ non symetric — non positive

the key property: V,(f) = k(t,.) holds



The kernel map

@ observation: X = (X1, Xjy ...y Xd)
» f(x) =w'x=(W,X)gd

o feature map: x — ®(x) = (¢1(X), -+, 9j(X), ..., dp(x)) "
» ®:R7— RP
> f(x) =w ®(x) = (w,®(x))gre

o kernel dictionary: x — k(x) = (k(x,x1), ..., k(x, %), ..., k(x,x,))"
> k:RY— R"

}:akxx (o, k(x)) g

@ kernel map: x —> k(e,x) p =00

> F(x) = (f(e), K(®,x))n



Roadmap
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@ Functional differentiation in RKHS



Functional differentiation in RKHS

Let J be a functional

J: H—=> R
Frs  J(F) examples: h(f) = ||f||§{,J2(f) = f(x),

J directional derivative in direction g at point f

lim  J(f +eg) — J(F)

dif.g)= __,, A

Gradient V(f)

VIR D G 6 = (Vah.e

exercise: find out V,(f) et V,(f)



Hint

dJ(f,g) =

dJ(f +¢eg)



Solution

d-jl(fvg) =

lim el f)2
e—0 2
lim e gl +2e (Fg) m—lIFII2
¢=0 : Vo (F) = 2f
lim A 1 -
-0 llel?+2(f. g)n
lim ) teg(x)—F(x)
e—0 2
= g(x) & Vu(f)=k(x,.)

= (k(x:.), 8)n



Solution

lim f 2_1f2
dh(f.g) = o Il +€f>’|\E el
lim 24 lgl2+2e(F g) 20— I FII2
e—0 €
lim 9
= ¢ cllel*+2(f. g)x

& Vy(f)=2f

= <2f’g>’H

ng(f,g) _ <|€|m_> 0 f(x)JregE(x)ff(x)

= g(x) & Vi(f)=kx.)

Mipign{ize Jf) < VgeH,d(f,g)=0 <« V,y(f)=0
€



Subdifferential in a RKHS H

Definition (Sub gradient)
a subgradient of J: # —— R at f, is any function g € H such that

Vf € V(fy), J(F) > J()+ (g, (f —fo))n

Definition (Subdifferential)
dJ(f), the subdifferential of J at f is the set of all subgradients of J at f .

v

H=R J3(x) = |x| 0h0)={gcR| -1<g<1}
H=R Ja(x) = max(0,1 — x) 0h(l)={geR| —1<g<0}

Theorem (Chain rule for linear Subdifferential)

Let T be a linear operator H — R and ¢ a function from R to R
If J(f) = o(TF)
Then 0J(f)={T*g | g € 0p(Tf)}, where T* denotes T's adjoint operator




example of subdifferential in H
evaluation operator and its adjoint

T :

T: H— R
fr—  Tf=(f(x1),...,f(xn))"

build the adjoint (Tf,a)r» = (f, T* o)y

]Rn

(07

— H

— T«



example of subdifferential in H
evaluation operator and its adjoint

T :

T: H— R
fr—  Tf=(f(x1),...,f(xn))"

build the adjoint (Tf,a)r» = (f, T* o)y
(TF,a)rn = > f(x)a
i=1
= D (f(o) k(o)) na;

i=1

= <f(.)v Z aik(‘a Xi)>?-£
i=1

| S —
T«

R" —H
a — Tra= Za;k(o,x,-)

i=1



example of subdifferential in H
evaluation operator and its adjoint

T :
T: H— R
f}—) Tf:(f(X]_),...,f(Xn))T
build the adjoint (T, a)r» = (f, T*a)y
(Tf,a)gn = f(xi)ai
iz:; TT*:

= S T(F(e), k(e xi))necr
i=1

= <f(.)v Z aik(‘a Xi)>?-£
i=1

| S —
T«

R" —H
a — Tra= Za;k(o,x,-)

i=1

R —R"

a — TT a = Zajk(xhx,-)
j=1
=Ka



example of subdifferential in H
evaluation operator and its adjoint

T :

T: H— R
fr—  Tf=(f(x1),...,f(xn))"

build the adjoint (Tf,a)r» = (f, T* o)y
(TF,a)rn = > f(x)a
i=1
= D (f(o) k(o)) na;

i=1
= <f(.)7 Z aik(.a Xi)>H
i=1

—_———
T«

Example of subdifferentials

x given  Js(f) = |f(x)| 0Js(fo) =
x given Jg(f) = max(0,1 — f(x)) 0J(f) =

TT*

R —H

o — Tr'a = Za;k(o,x,-)
i=1

R" — R"
a — TT a = Zajk(xj,x,-)
j=1
= Ka

{g(s) = ak(e,x); -1 < a <1}
{g(e) = ak(e,x) ;-1 < a <0}




Let's summarize

@ positive kernels & RKHS =#H <« regularity ||7]3,

o the key property: V,(f) = k(t,.) holds not only for positive kernels

f(x;) exists (pointwise defined functions)

@ universal consistency in RKHS

@ the Gram matrix summarize the pairwise comparizons
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