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1. Preliminaries on Bayesian inference

Bayesian Inference:

>

Make inference about hypotheses using all available
information

Needs to identify all hypotheses explicitely

Needs to model the link between hypotheses and observations

No needs for complicated mathematics
The most difficult part is to learn " Thinking Bayesian”

People who have already learned " Orthodox statistics” may
have some difficulties

Whent you "get it", you will find it much easier to understand

Conceptually simple, Logically consistent,
Uniform (always the same), Powerful, Elegent
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Bayesian inference for Scientists

Theory Creativity Inference,
Hypotheses — Verification
Model Science Falsification
Deduction Induction
Forward modeling Inversion
1 T
Observation
Predictions — Data
(Errrors)

» How do Hypotheses and Forward model predict the potential
data ?

» How do the Observed data support those Hypotheses and
Model ?
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Probability

» What is the probabilty ?
Degree of beleif always conditionned on what we know

v

What is the probabilty of a fair coin comes up head?
» Before tossing the coin?
After tossing, but before looking?
After tossing and looking by me but before telling to you?
After tossing and looking by yourself?
After tossing but looking at it through a low cost camera?

vV vy vy

» Will it rain tomorrow?
> |s the milionth digit of 7 the digit 3 7
» Probability Axioms
» 0< P4 <1
» P(A|A D) =1
» P(A|I)+ P(A|I) =1
» P(A,B|I)= P(A|B,I)P(B|I)
» P(A|B,I)= P(A,B|I)/P(B|I) if P(B|I)#0
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Bayes' rule
Bayes' rule:

P(A,D) _ P(D|A)P(A)
P(D) P(D)

= 3" P(D,4) = Y P(DIA) P(A)

Particular case of 2 states: Ay = A§ (Mutually exclusive states)

P(AID) = P(D[A) P(A)

. P(Ay)
Prior odds =
P(Asz)
: P(A1|D)  P(D|Ay) P(A)
Posterior odds = =
P(A2|D)  P(D|Az2) P(A2)
Probablity : Odds
= P lity = ———
Odds 1 — Probablity — Probablity 1 — Odds
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Bayes' rule for continuous case

Continuous case:

plolo) = 272 = PP o) p00)

pla) = / Pl 0) do = / p(x]6) p(6) d

posterior o likelihood X prior

» The posterior law summarizes all we know after we have
considered our prior knowledge and the data.
> In practice, we need to summarize it:
> Mode: Oy0q = argmaxy {p(6]z)}

» Mean: é\JVIeaTL = fop(mx) do
» Median:  Opreq : P(60 > Orred) = PO < Opted)
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Credible intervals

» We can also compute Credible intervals:

b
P € [a,b]|x) = / p(0 € [a,b]|z) db
a
Credible interval=[a, b] such that P(0 € [a,b]|x) = 0.95.
» This is different from " Orthodox Confidence Intervals”:
» Define an estimator 8 which is a function of data =
(which are random!)
» Compute the sampling distribution ¢(016)
» Compute v = 1 — f;g(u|9) du
» Compute a and b such that o = .05
» Even if, in some cases, the results are numerically the same,
the interpretations are not the same:
The Bayesian way is much more understandable!
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A very simple example: Gaussian law

i N, v)i = 1,m — plailu,v) = 7 exp{_%M}

2mv

x; = p+e with ¢ ~N(0,0),i=1,..,n

Likelihood:
i 1)2
plalie) =(re) /e {15, )
L _

with z=21% 2 and

» Maximum Likelihood: fi =z, 7= 15
» Bayesian:
» Known v, flat prior for y — 1=z
» Known v, Gaussian prior for p
» Known g, unknown v with Jeffreys' prior
» Inverse Gamma prior for v and Gaussian prior for p
(Conjugate priors)
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Example of the Gaussian law
Bayesian:
» Known v, flat prior for u
— p(p|x,v) = N(Z,v/n) — p ==
» Known v, Gaussian prior for p:

N (o, v0) — plpf@, v) = N (71, V)

p(plpo, vo) =
w)T + wip, with w =v/vg

with =2 4 L, ﬁ:(1—

When vy — oo (flat prior) — 1 ==
» Known g, unknown v with Jeffreys' prior p(v) = 1/v:

p(vlz,p) oo™ exp {—3:(S +n(p—)} v
o p—(nt1)/2 exp {—%(S +n(p— 5;)}
=IG(a,p)

ntl

2

S—l—n(,u—j))/g — i
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Example of the Gaussian law

Bayesian:
» Unknown g with flat prior p(u) = cte,
Unknown v with Jeffreys' prior p(v) = 1/v:

p(uvlw) ocv™2exp {— (S +n(p—2)} v
o p— (1) /2 exp{—% S—i—n(,u—;f)}
= N(z,v/n) I9(@, B)
~ _ n+l
- a="2
W“{ﬂ=ws+mM—@V2
We may integrate out u:

p(vl®) = [p(p,vlz) du
o [v™ D2 exp {— L (S +n(u—2)}

(1+ = m)) /2
St(”:”_l’t:”}?w:S/v)o<(1+§
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Example of the Gaussian law with Conjugate priors

» Unknown p, Unknown v with Conjugate priors:

plosole) v 2exp { = (5 + (= 3) | () i)

{ §55||5§§3§ Z%iﬁf% — p(u,vlz) = N(7,9) I6(a, B)
fi = (1 —w)Z +wpo, with =
D=+ )

(o7
B=(S+n(p—1)%/2
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Example of Normal Linear Regression

» A line through a set of points (z;,y;) with y; = By + 1
f(z,B1,B2) = Bo + B
» Change of variables ag = By + 1%, a1 = b1
flz,a,a0) = apg + aj(z — 7)

» Likelihood: y; = ap + a1(x; — %) + €, € ~N(0,v)

- 1 i
p(@,ylar, az,v) oc o™ exp {—g > (yi—ao+ai(z - x)2}

i
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Example of Normal Linear Regression

» Defining
~ _ Zz(ml_f (yi—%)
D ST LA
Se =i —9)° —a1 ) (xi — 7)(yi — 9)
Sy = Zz(wl - £)2
» Likelihood:

_ 1 _ ~
pla,ylar. ) v exp { S, (o — ) + Sufar — a0
> Flat priors on o and a; and Jeffrey's on v:

1 ~
plag, a1, v|E, y) p~(nt+1) exp {_%Se +n(ag — @)2 + Sz(ar — 041)2}
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Example of Normal Linear Regression
» Marginalizing over a;:
-n 1 —\2
plawo, vl ) o< v exp § —o- 8.+ nfa — )

» Marginalizing over v:

) . (2
placke,y) oo™ (14 (0~ 91

» Marginalizing over ag and then over v:

s, L\
plarkey) o (14 5 - an?)

e

» Marginalizing over a and then over aj:

p(vle,y) oc v™ " exp {—iSe}
2
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Example of Normal Linear Regression
> Marginalizing over v

plao, ar]z,y) o (Se + n(ag — ag)% 4 Sp(ay — 621)2)_71/2

> Note that p(a, cn|x, y) # p(aole, y) plailz, y),
so a posteriori ag and «q are not independent, but they are

uncorrelated because cov|ag, a1 |z, y] = 0.
» If we come back to By and Si:

—~ —~ —~ ~ —n/
p(fo, Bake,y) o< (Se -+ (B — B + 2ma(Bo — Bo)(Br — Bu) + a6~ B)?)

» Extensions:

» Errors on z;
» Errors on both y; and z;
» More general regressions (Linear and Non-Linear)
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General Linear Model
» General Linear Model: y = A0 + €

» Likelihood
p(yl@) ocv™"exp {—%(y — A0) (y — A0)}
x v " exp {—%}

» Maximum Likelihood:

0=(AA)"'Ay

v

A simple calculation:
S =(y—A0)(y— Ab)
=(0-0)(6-06)+ (y— A0)'(y — A)
= 5;(0) + S,

v

Flat prior on 0 and Jeffrey's Prior on v

p(,vly) ocv= (™D expi——Sz )+ Se}
x v~ exp{——}
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General Linear Model

» Marginalizing over all 6;:

p(6_i,vly) ocv™ ™ exp {—%51(0_2-) + Se}

x v " exp {—%

» Each marginalization over each 6; loses one power of v.

» Marginalization over all k£ — 1 variables 8_; and then over v,
we get a S; distribution with n — k degrees of freedom where

0 — by

S/ ML

t 2 =8, /v

and myy is the (kk) element of the design matrix

M = (A'A)"!

» The posterior marginal of v is Inverse Gamma
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General Linear Model

» Informative prior: p(6]6¢, Vo)

p(0,vly) o v Dexp {—5-5(6) + Sc} p(6]6o, Vo)
x v exp{—2 — (0 —00)V,'(0—8)}

» When v is known:
~ 1 1
0= (—A’A + Vo)_l(—A/y + Vo)
v v

» One can continue other calculations
» More extentions:

» Integrate out v — &; distribution

» Laplace (Gaussian) approximation of ; distribution around its
maximum 6

» Prediction, ...
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Preliminaries on Bayesian inference

v

Probabilistic model: M : g ~ p(g|@; M)

Frequentist view: @ unknown "fixed" parameters

v

» Maximum Likelihood:

~

0 = argmax {r(gl0; M)}

v

Bayesian approach: Probabilistic Prior Information 6 ~ p(0)

_ p(gl6; M) p(6IM)
p(g|M)

p(0lg; M)

plglM) = / p(g]0; M) p(6]M) d6

v

Infer on 6 using the posterior p(0|g; M)
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Model selection

> Frequentist view: Likelihood ratio:

p(g0; M1) p(glf; M) p(glM)
——— o ———— o —/————
p(gl6; M) p(g|0; My) p(glMz)

» Bayesian view:
p(M116,g) o< p(g|0; My) p(6|M1) P(My)

p(Milg) o< p(g|M1) P(My)
p(Milg, 0) o p(Milg, ) o p(Milg)

p(M2]0,g) p(Malg, ) p(Mzlg)
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2. Bayesian inference for inverse problems

Example: Measuring variation of temperature with a therometer
» f(t) variation of temperature over time
» ¢(t) variation of length of the liquid in thermometer

» Forward model M: Convolution
olt) = [ FE) bt~ 1) e+t

h(t): impulse response of the measurement system

> Inverse problem: Deconvolution

Given the forward model M (impulse response h(t)))
and a set of data g(¢;),i=1,--- .M

find f(t)
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Measuring variation of temperature with a therometer

Forward model: Convolution

g(t) = /f(t’)h(t — ) dt’ + €(t)

\ Thermometer .
| h(t) — g(t)
Inversion: Deconvolution
T (ORI j
\ -
oal \ |
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Convolution/Deconvolution: Discrete forme

g(t) =h(t) * f(t) +et) = /h(t’)f(t —t") dt’ +€(t)

glm) = > h(k) f(m—k)+e(m), m=0,--- M
k=—q

Matrix-Vector form: g = Af + €

() - rh(p) -+ h(0) h(—q) 0 0 1 - Fl=p) T «(0)

9(1) 0 - : <)
: £(0) :
F1) ‘
- Bp) o hO) o k() S
f(M) :
f(M+1) :
: : - . o : :

Lo (M) ) e ... 0 n(p) - R(O) .-+ h(—q)] (M +a) (M)
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Lg(ar)

A. Mohammad-Djafari,

9(0)7  h(0) :
g(1)
. h(1)
= |ne) h(0)
0
a(M)) 0 0 h(p) h(0)]
*h(0) h(p)
h(1)
h(p) - h(0)
0
Lo .- 0 hm - hO) o0
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r £(0) 7
£(1)
L (an)l
r £(0)1
h(1)7 | f(1)
h(p)
0
FOM)
0
0 :
L 0
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Computed tomography (CT)

A Multislice CT Scanner

‘Fan beam Xfray‘ Tomography ‘
. eraTon
-0.5
0
05 1 P
N os) = [ 7(r) dlit els)
1 Source positions T+« . . " Detector positions Lz
n - : . - Discretization
g=Af+e

A. Mohammad-Djafari, 6 eme Ecole d'été de Peyresq, Séparation de sources, Juillet 25-30, 2011. 26/125



Computed Tomography

Ay A’L]
S\ / /1
™N
ICEANS |
A 9i
= > In
xr
~K
6 f@y) =% fiblzy)
9(r, ) bj@;,y):{é nefls<ex,y>e pixel j
N
9(7" ¢) /Lf(?” 7/) g ]z::l ; fJ np
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Computed Tomography with two projections

S
fij
L 911
S D g1;  vertical projection
|| g2; horizontal projection
| n
g D fij=gu, i=1,-m
J=1
D m
EEEEEEEEEE S fi=ge j=1--n
92n g21 i=1
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Application of CT in NDT

Reconstruction from only 2 projections

91 () z/f(w,y) dy,  92(y) :/f(:lay) dz
» Given the marginals g1 (z) and g2(y) find the joint distribution

f(z,y).
» Infinite number of solutions : f(x,y) = g1(x) g2(y) Q(z,y)
Q(z,y) is a Copula:

/Q(a:,y) dr=1 and /Q(ax,y) dy =1
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g1
92

e Forward problem: Given f compute g
e Inverse problem: Given g estimate f

| 98

— Existance
— Uniqueness
— Stability

A. Mohammad-Djafari,
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g=Af
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Existance and Uniqueness:

40 |10|10[10[10 40 |4Q 0| O
? 40 |10(10[10/10 40 | 0] 40 0
I 40 |10[10]10|10 40 | O] 0|40 o
40 [10(10[10{10 40 | 0| 0| 0] 44
40 40 40 40 40 40 40 40 40 40 40 40
18 5] 5[18 40 [2d o] 0[2d 40 [201d &
5|19 15 5| 40 0|20 20 40 17 20
5|19 1§ 5| 40 0|20 20 0] 40 5/ 5| 20 1qQ
15 5| 5|15 40 20 0| 0|20 40 5| 5| 14 20
40 40 40 40 40 40 40 40 40 40 40 40

A. Mohammad-Djafari,

6 eme Ecole d'été de Peyresq, Séparation de sources,

40
40
40
40

40
40
40
40

Juillet 25-30, 2011.

31/125



Stability:

07 8 7 95 —41 10 -6
|7 5 6 5 |41 68 —17 10
A=1s 610 of 4 |10 —17 5 -3
75 9 10 6 10 -3 2
07 8 71[hA 32 1
75 6 5| |f| |23 1
s 610 9 |fl ="l 77
75 9 10| |fu 31 1
10 7 8 7 fi+df1 32.1 9.2
75 6 5| |fatifs|  |220 |-126
$ 6 10 9| |fstofs| — |331] —F T = 45
75 9 10| |fi40fu 30.9 11
lsgll _ 1 Jlefll _ 10
llg 300 IfA 1

I
“M—fH = cond(A)M
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Bayesian inference for inverse problems

» Linear Inverse problems: g= Af +e€

» Bayesian inference:

_ plglf,01) p(£|02)
p(f|g’9) - p(g|9)

with 6 = (01, 603)
» Point estimators:
» Maximum A Posteriori (MAP)

o~

f=arg max {r(flg.0)}
» Posterior Mean (PM)

7 =Epig0) () = [ £(719.6)df
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Simple Bayesian Inference: Known hyperparameters 6

€

}

f-a PO

Forward model

o> o
p(f162) | o|p(glf,01)— »(flg.0) +—7F
Prior Likelihood Posterior

_ p(g|f,01)p(f|62)
p(f|970) - p(g|0)
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Case of linear models and Gaussian priors
g=Af+e

v

Hypothesis on the noise: € ~ N(0,02I) —
plolf) x exp {3k llg — Af|*}

Hypothesis on f : f ~ N(O,a?(DtD)_l) —
p1) x exn { - 21D

A posteriori:

p(flg) < exp { =5z llg — AfIP = 5= DfI
f

> MAP:  f =argmax {p(flg)} = argmin ¢ {J(f >}
with — J(f)=llg— AFfI2+ADFI? A=

Advantage : characterization of the solution

v

v

Im

g

v
N

flg~N(F,P) with f=PA'g, P=(A'A+AD'D)™"
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Simple Bayesian Model and Estimation

» Example 1: Linear Gaussian case

(glf,01) = N(AF,0.1)
{g(?“\@z)l: N(0,6,1) Y — (£, 0)

with N
P=(AA+AD), A=§
f=PAg

?zmm?ﬂﬂﬂ}mmJﬁﬁﬂm—Aﬂ@+Wﬂ@
» Example 2: Gaussian noise, Double Exponential prior & MAP:

?zmw?ﬂﬂﬁ}mmJU%ﬂm—Aﬂ@+Wﬂh
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MAP estimation with other priors:
f=arg win {J(f)} with J(f) = llg - AFI* +2Q(f)

Separable priors:
» Gaussian: p(f;) o exp {—a\ij} — Q(f) = azj |fj\2
» Gamma:
p(fj) o< fexp{=Bf;} — Qf) =aX;Inf;+Bf;
» Beta:
p(fi) o< ff(1=£;)P — Q(f) = ad;n fj+ B3 In(1 - f;)
» Generalized Gaussian:
p(fi) cexp {—alf;|’}, 1 < B <2 —Q(f) = ad; |,
Markovian models:

p(filf) o exp {a > ¢(fj7f¢)} — QAUf) =ad > e f)

1EN; J 1EN;
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Different prior models for signals and images: Separable

itk A |
11 ‘HI\ H{ \H ”]“ i ” \H |

Gaussian Generalized Gaussian
p(fj) o exp {—alf;|*} p(fj) xexp{—alf;P}, 1<p<2

Gamma Beta

p(f;) o f exp{—Bf;} p(f;) o< f7(1 = £3)°

~—
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Different prior models: Simple Markovian

p(f31 ) o< exp {a > o, f»} — B(f)=ad > ofi,f)

1€V, Jj i€Vj

e 1D case and one neigbor Vi=j—1

_O‘ZQZ) f] 1

e 1D Case and two neighbors V; = {j — 1,7 + 1}:
_O‘ZQZ) f] 1+f] 1))

e 2D case with 4 neighbors:
(f)=a) ¢ -8 > fr
TeR r’'ev(r)

e ¢(t) = |t|7: Generalized Gaussian
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Different prior models: Markovian with hidden
variables

N‘W
"

WA

— b
— ) ]u YT e
——— i Wiy

1,

= I

0 1 Y 6 —
Piecewise Gaussians Mixture of Gaussians (MoG)
(contours hidden variables) (regions labels hidden variables)

p(filas, fi-1) =N ((1 - q]')fj—hU,zc)p(fﬂZj =k) =N (ms,0}) & z; markov

—m 2
p<f|q)nxexp{fazwfj7<1qu>fj_1|2} p(f\Z)nxeXP{faZ > (fﬂi’“> }
J

k jERy 9k
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Gauss-Markov-Potts prior models for images

7 i
J EJ
r) z(r) (r)

r)=1-06(z(r) — 2(r"))
p(f(?")lz( ) kymi, v) = N (my, ve)

=2 Pl =N

» Separable ||d hidden variables:  p(z) =[], p(2(r))
» Markovian hidden variables: p(z) Potts-Markov:

p(z(r)|z(r),r" € V(r)) O<exp{7 PRIE ))}
r’'ev(r
meXP{VZ > >>}

TER T V(T)

mk,vk) Mixture of Gaussians
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

F

» f|z Gaussian iid, =z iid:
Mixture of Gaussians

» f|z Gauss-Markov, z iid :
Mixture of Gauss-Markov

» f|z Gaussian iid, =z Potts-Markov :
Mixture of Independent Gaussians
(MIG with Hidden Potts)

» f|z Markov, z Potts-Markov :
Mixture of Gauss-Markov
(MGM with hidden Potts)
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Full Bayesian, Joint MAP, Marginalization

v

Unknown hyperparameters 0

v

Full Bayesian: Joint Posterior:

p(f,0]g) o< p(g|f,01) p(f|02) p(0)
Joint MAP:

v

(f,0) =arg r}lag) {p(f.0l9)}

)

v

Iterative algorithm:

7 = argmax ; {p(£10¢4, )}

6 = argmaxg {p(0) A 9}
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Full Bayesian Model and Hyperparameter Estimation

la,B
Hyper prior model p(0|a, 3)
02 61 R
— f
p(f|02) o p(g|f)01) p(.f70|gvavﬁ)_>/é
Prior Likelihood Joint Posterior

Full Bayesian Model and Hyperparameter Estimation scheme

~

p(f,0lg)|—| p0Olg) =060 —|p(#l0,9)|— F

Joint Posterior Marginalize over f

Marginalization for Hyperparameter Estimation
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Full Bayesian: Marginal MAP and PM estimates

» Marginal MAP: 6 = arg maxg {p(6|g)} where
p(0lg) = /p(fﬁlg) df o< p(g|0) p(6)

and then ? = argmax ¢ {p(f\a,g)} or
Posterior Mean: f: /fp(f|5,g) df

» Needs the expression of the Likelihood:

p(g]0) = / plglf.01) p(£162) df

Not always analytically available — EM, SEM and GEM
algorithms
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Full Bayesian approach
: g=Af+e

» Forward & errors model: — p(g|f,01; M)

» Prior models — p(f|02; M)

» Hyperparameters 6 = (01, 02) — p(0| M)

p(glf.0:M) p(f|O:M) p(O|M)
p(gIM)

» Joint MAP: (f,0) = arg r}laéc {p(f,0lg; M)}
(f.0)

» Bayes: — p(f,0|g; M) =

N [ p(flg; M) —fpfOIgM)df

Marginalization: { p(0lg; M) = [ p(F,0]g; M) db

» Posterior means: I - ff p(f,6lg: M) d d6
6 =[[6p(f, 00g;M)df do

» Evidence of the model:
plalM) = [[ p(gl.6: MIp(F18: M)p(E1M) 4 d
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Full Bayesian: EM and GEM algorithms

» EM and GEM Algorithms: f as hidden variable,
g as incomplete data, (g, f) as complete data
Inp(gl@) incomplete data log-likelihood
Inp(g, f|6) complete data log-likelihood

> lterative algorithm:

E-step:  Q(0,0%)) = f\g o) {lnp(g, 10)}
M-step: k) — = argmaxg {Q(Q (k= ))}

» GEM (Bayesian) algorithm:

_step: k) = .
E-step: 52(9, 0\*)) Ep(f|g,0(k>)A{lnp(g’ f16) +1np(0)}
M-step: %) = arg maxg {Q(G, O(k_l))}

p(f,6lg)| — [EM, GEM]|— 8 — |p(f|0,9) | — f
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Variational Bayesian Approximation

» Approximate p(f,0|g) by q(f,0|g) = ¢1(f|g) ¢2(0|g)

and then continue computations.

» Criterion KL(¢(f,@|g) : p(f,0l|g))

> lterative algorithm ¢ — q2 — q1 —> g2, -

@f) xexp{(np(g, f,6:M))50)}
©(0) xexp{(np(g, f.6: M) 1)}

Variational

p(f,0lg)| — Bayesian

Approximation

A. Mohammad-Djafari, 6 eme Ecole d'été de Peyresq, Séparation de sources,

—a(f) —f

— ¢2(8) — 0
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Two main steps in the Bayesian approach

> Prior modeling

» Separable:
Gaussian, Generalized Gaussian, Gamma,
mixture of Gaussians, mixture of Gammas, ...

» Markovian: Gauss-Markov, GGM, ...

» Separable or Markovian with hidden variables
(contours, region labels)

» Choice of the estimator and computational aspects

» MAP, Posterior mean, Marginal MAP

MAP needs optimization algorithms

Posterior mean needs integration methods
Marginal MAP needs integration and optimization
Approximations:

vVYvyVvYyy

> Gaussian approximation (Laplace)
» Numerical exploration MCMC
> Variational Bayes (Separable approximation)
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Different prior models for signals and images: Separable

itk A |
11 ‘HI\ H{ \H ”]“ i ” \H |

Gaussian Generalized Gaussian
p(fj) o exp {—alf;|*} p(fj) xexp{—alf;P}, 1<p<2

Gamma Beta

p(f;) o f exp{—Bf;} p(f;) o< f7(1 = £3)°

~—
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2. Sparsity enforcing prior models

» Simple heavy tailed models:
» Generalized Gaussian, Double Exponential

» Symmetric Weibull, Symmetric Rayleigh
» Student-t, Cauchy

» Generalized hyperbolic

» Elastic net

» Hierarchical mixture models:

» Mixture of Gaussians
Bernoulli-Gaussian
Mixture of Gammas
Bernoulli-Gamma
Mixture of Dirichlet
Bernoulli-Multinomial

vV vy vy VvYyy
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Simple heavy tailed models
e Generalized Gaussian, Double Exponential

p(f17.8) = [ 99(filr. B) ocexp § =7 Y 151
J J

B8 =1 Double exponential or Laplace.
0 < B <1 are of great interest for sparsity enforcing.

0.05F P [ exp(-yIxI®)

-10 ) 6 4 2 o 2 4 6 B 10 772 15 1 05 o 0.5 1 15 2

Generalized Gaussian family
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Simple heavy tailed models
e Symmetric Weibull

p(f1v.8) = [[W(filr. 8) ocexp d = D117 + (B — 1) log | ;]
J J

B = 2 is the Symmetric Rayleigh distribution.
B8 =1 is the Double exponential and
0 < B <1 are of great interest for sparsity enforcing.

S s 4 =2 o 2 3 s B 10 % = = Y o T 2 B 3
A. Mohammad-Djafari, 6 e&me E&)émmt:cmsé,/‘!@,i,hucu dﬁ%JIMJé( Juillet 25-30, 2011. 53/125



Simple heavy

tailed models

e Student-t and Cauchy models

p(flv) =

ITstr) e )

Cauchy model is obtained when v = 1.

A. Mohammad-Djafari,

) 2 4 6 ] 10 a4 -3 -2 -1 [ 1 2 3 a

Student-t and Cauchy families
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Simple heavy tailed models

e Elastic net prior model

p(flv) = HSN filv) o exp Z’yﬂfﬂ—i—’ygfj)
j

EN

Elastic Net family
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Simple heavy tailed models

e Generalized hyperbolic (GH) models

p(£16,v,8) = [J(0% + FH¥ D2 exp {Ba)} K1 jo(ay /62 + f2)

J

Generalized hyperbolic family
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Mixture models
e Mixture of two Gaussians (MoG2) model

p(FIX w1, v0) = [T W(£10,00) + (1 = NN (510, v0)]
J
e Bernoulli-Gaussian (BG) model

p(fIxv) Hp £i) =TTV (£510,0) + (1 = N)5(f5)]

J

o.
—G —c
MoG2 —— MoG2

-1 [ 1 2 3

L 3
2 4 6 ] 10 24 -3 -2

Mixture of 2 Gaussians families
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e Mixture of Gammas

p(fIA v, 00) = [[ MG (filar, 1) + (1 = NG(fjlaz, Ba)]

J

e Bernoulli-Gamma model

p(fIN . B) = [T NG (filen, B) + (1 = N)3(f))]

J

BG: lambda=.Lalpha=2beta=1;

Bernoulli-Gamma families
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e Mixture of Dirichlets model

p(.ﬂ)\, 0;1,041,0;2,0&2) = H [)\D(f]|a1,0é1) + (1 - )\)D(f]|a’27a2)]

J

where

f]|a’a Zék 1) OékZOa ak’ZO

||':]N
Q

CVO

where a = {a1, -+ ,ax} and a = {aq, -+ ,ax}
with >, o, = aand ) ap = 1.
e Bernoulli-Multinomial (BMultinomial) model

p(‘f‘)‘v a, Ot) = H [A(S(f]) + (1 - )\)Mult(fj\a, OL)]

J
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Hierarchical models and hidden variables

> All the mixture models and some of simple models can be
modeled via hidden variables z.

» Example 1: MoG model:
p(fj‘)\,’l)l,’l)o) = )\N(f]‘o,’l)l) + (1 - )‘)N(f]‘oalv(])

{ p(fj|zj = 07’00) :N(fj|0’U0)’ and { P(ZJ = 0) = A,
p(fjlz = 1,v1) = N(f5/0,v1), Plzj=1)=1-X

p(£12) = L p(f125) = T, N (f510.02,) ox exp {—% s 0 }

J Uzj

Plzj=1)=\ Pz =0)=1-2\

A. Mohammad-Djafari, 6 eme Ecole d'été de Peyresq, Séparation de sources, Juillet 25-30, 2011.

60/125



Hierarchical models and hidden variables

» Example 2: Student-t model

St(flv) exp{—” 1log(1+f2/u)}

=[N0/ G5 65 with o= =)
0

p(flz)  =TLpfle) = TN (10.1/2) «exp { =3 52, 212}
p(zlen ) =T1;G(zle B) o< TT, 2%V exp {62}

X exp Zj(a —1)Inz; — Bz;
p(f,2l0,8) ocexp {3 53,22+ (@ —1)Inz — Bz |
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Hierarchical models and hidden variables

» Example 3: Laplace (Double Exponential) model
DE(fla) = gexp{—a|f|} = / N(f],0,2)E(za®/2) dz, a >0
0

p(f]

N

) Zij(fﬂZj)ZHjN(fj|07Zj)0<exp{—%Zj ff/zj}
9 =ILEEIS) xen {55
p(f.21%) xexp {35, 22 + S5

g~
—~
R

» With these models we have:

p(f,z,0\g) < p(glf,01) p(f|z,02) p(z|03) p()

A. Mohammad-Djafari, 6 eme Ecole d'été de Peyresq, Séparation de sources, Juillet 25-30, 2011. 62/125



Bayesian Computation and Algorithms

» Often, the expression of p(f, z,0|g) is complex.

» lts optimization (for Joint MAP) or
its marginalization or integration (for Marginal MAP or PM)
is not easy

» Two main techniques:
MCMC and Variational Bayesian Approximation (VBA)

» MCMC:
Needs the expressions of the conditionals

p(flz,0,9), p(z|f,6.g), and p(0|f, z,g)
» VBA: Approximate p(f, z,0|g) by a separable one

a(f;2,0lg) = a1(f) a2(2) q3(6)

and do any computations with these separable ones.
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Summary of Bayesian estimation with different levels

o> P
p(f102) | o|p(glf,00)— p(flg.0) |—7F
Prior Likelihood Posterior

Simple Bayesian Model and Estimation

la,p
Hyper prior model p(0|c, 3)
02 61 R
— f
p(f|02) < p(g|f)01) p(f70|g)a7ﬁ)_>5
Prior Likelihood Joint Posterior

Full Bayesian Model and Hyperparameter Estimation scheme
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Summary of Bayesian estimation with different levels

p(f,0lg)|—| p0Olg) =6 —|p(#l0,9)|— T

Joint Posterior Marginalize over f

Marginalization for Hyperparameter Estimation

103 102 lel Y

TN f

p(z(03) | o |p(f|z,02)| o|p(glf,01)— p(f.2]9,0) | .
Hidden variable Prior Likelihood Joint Posterior

Full Bayesian Model with a Hierarchical Prior Model
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Summary of Bayesian estimation with different levels

la, B
Hyper prior model p(@|a, 3)
0 0 0 R
3 2 1 L7
p(2103) | o |p(flz,02)| ©|p(glf,01)—1p(f,2,0lg,a,8) — =
0
Hidden variable Prior Likelihood Joint Posterior

Full Bayesian Hierarchical Model with Hyperparameter Estimation

la,B
Hyper prior model p(0|c, B)
03 05 0, ~
y y tngfg — f
p(2[63) | o |p(fl2,02) | | p(glf,61) |1 p(f,2,0l9) [ w@ |—Z
. . . . . - - Separable — 9
Hidden variable Prior Likelihood Joint Posterior  |Approximation

A. MohdrtldaBanasiansklietarehical MededcandoMartational Appnexieesatian, 66,125



3. Bayesian Inference for Sources Separation

» Source separation probltem

€

'

fo-_a o f=hoT
¢e

» Stationary case f ®_, g
» Estimation of sources f when the mixing matrix A is known
» Estimation of the mixing matrix A when sources are known f
» Joint Estimation of the mixing matrix A and sources f
» Nonstationary case
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Estimation of sources f with known mixing matrix A

@ @
©

g=Af g=Af+e
Exact Model without errors Realistic Model with errors
f=ATg=A(AA)'g | f=argming {|lg - Af|}

® | B——0
© Qg

Maximum Likelihood Bayesian Estimation

p(glf,ve) p(flg,ve) o< p(glf,ve) p(flvy)
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Estimation of sources f with known mixing matrix A

[or——®
[ve—(©
Uncorrelated Gaussian

p(flvg) = N(0,vf1)

o exp { — | £

J = argming {J(f)}
J(f) = llg — AFI?+ Al £I?

f=(AA+A)"Ag

A. Mohammad-Djafari,

6 eme Ecole d'été de Peyresq, Séparation de sources,

Z
[veF—(©)
Correlated Gaussian
p(flveEy) = N(0,vy%5)
L2
with X = (D'D)~!

X exp

f = argming {J(f)}
J(f) = llg — Af|? + A DfI?

f=(A'A+\D'D)'A'g

Juillet 25-30, 2011. 69/125



Estimation of the mixing matrix A with known sources f

» Bilinear problems:
g=Af=Fa

|:91:|:[a11 a12:|[f1:|:[f1 0 fo O az1
g2 a1 a2 fo 0 fi 0 fo a2

F=foI, a=vecA)

» Estimation of f with known A: g=Af

» Estimation of A with known f: g=Af = Fa
Underdetermination:
Needs constraints or prior information on A

» Joint Estimation of f and A: g=Af = Fa
Underdetermination:
Needs constraints or prior information on A and on f

A. Mohammad-Djafari, 6 eme Ecole d'été de Peyresq, Séparation de sources, Juillet 25-30, 2011.
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Estimation of the mixing matrix A with known sources f

(&—©

Exact Model without Errors Realistic Model with errors
a=Ftg=F'(FF") g a = argming {|g — Fa|*}

@ [tof ()
5o | mos

Maximul Likelihood Bayesian Estimation
p(gla,ve) p(alg,ve) o< p(gla, ve) p(alva)
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Estimation of the mixing matrix A with known sources f

@
0

[ref—(&—(9)

Gaussian
plalvy) = N(0,v,1)

0 {3 3 )

a = argming {J(a)}
J(a) =g — Fa|* + A3, |a;[?

a=(F'F+ M) 'F'g
A=gfi(ffi+ )"

A. Mohammad-Djafari,

6 eme Ecole d'été de Peyresq, Séparation de sources,

A B

[ref—(&—(9)

Generalized Gaussian
plalX, B) = GG(A, B)
X exp {—/\Zj |aj|5}

a = argming {J(a)}
J(a) = llg — Fal® + A3 |a;1°

No analytic expression

Juillet 25-30, 2011. 72/125



Joint Estimation of A and f

@@ @@
\@g o

Exact Model withour errors | Realistic Model with errors

» Indeterminations (scale and permutation)
» Needs constraints or prior information
» Example: Positivity — NNMF

;1,} =arg min g— Af|?
(A, f) (A>O7f>0){|| I}

}(t) = (;1’21)_121’9(0 Apply positiviy } >0
~ ~/ ~ ~/ -1 ~
A=3,90F ® (S, FOF 1) Apply positiviy A > 0
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Joint Estimation of A and f

(0 [or———¢0)

A (Va4
0| 0
Maximul Likelihood Bayesian Estimation

p(g()|A, f(t),ve) P(A, f(t)lg(t),ve) o< p(g(t)|A, f(t),ve)
p(Alva) p(f(t)|vy)

Ft) = (AA+ M\ D)~ Alg(t), A=
A=Y, 90F O (T FOF O+ ML) Ao =vefva
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Joint Estimation of A and f

[f———®
o] &)
[2f—(© W)

Gaussian
p(flvg) = N(0,v,T)
o exp {54 3,1/52}
Gaussian

plalvg) = N0, ve])

xexp{— 5k 32, a2}

» Joint Posterior:

h@
Do 4]
F )

Gaussian

p(flvg) = N(0,vs1)
oc exp { —g,- [ £

Generalized Gaussian

p(a‘)‘aa /Ba) = gg()\m /Ba)

X exp {—)\a > \aj\ﬁ}

P(A; flg,0) x p(g|A, f,ve) p(Alva) p(f|vy)

> Integration over f can be down easily
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4. Links with classical methods: PCA, ICA, Neural
Networks, ...

Inversion ou Decomposition

g(t) = Af(t) +€(t)

—

— f(t)
A y(t)=¢(Bg(t))

t) — | Inversion
g(t) )

g(t) — | Decomposition

Given that g(t) = Af(t) + €(t), | Given g(t), find ¢(.)

estimate f(t) and A and the separating matrix B

such that y(t) has:
e Maximum Likelihood e Uncorrelated components (PCA)
e Bayesian estimation e Independent components (ICA)

Link between y and f and between B and A ?
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Links with classical methods: PCA

Classical PCA:

g(t) = Af(t) — cov[g] = Acov[f]A’

» Estimate cov[g] from the data:  cov[g] = £ 3, g(t)g'(t)
» Singular Value Decomposition(SVD):  cov[g] = UAU’

» ldentify A =U and cov[f] = A
(Assumes sources to be uncorrelated)

» Now, given A, estimate sources by f(t) = (A’A)~1A’g(t)

» Indetermination:
Note that any A = RU with R any orthogonal matrix
is also a solution
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Link with PCA
Probabilistic PCA:

g(t) = Af(t) + €(t) — covlg] = Acov[f]A’ + covle]

> €(t) ~ N(0,021) — p(g(t)|A, £(t),07) = N(Af(t),02T)

> f(t) ~N(0,A)

» p(g(t)|A, 02, A) = N (0, ANA' + o2T)

» Estimation of cov[g] by % >, g(t)g’(t)

» SVD: cov[g] = UAU’ and its identification with AAA’ + 021
» If 02 =0 — Classical PCA

» The identification is not unique and needs constraints or prior
information

» Maximum Likelihood is not unique
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Link with PCA
Bayesian Probabilistic PCA:
g(t) = Af(t) +€(t)
p(g(t)|A, f(t),0?) = N(Af(t),021)
p(f(t)\A) N(0,A)
p(g(t)|A, 02, A) = N(0, AAA’ + o21)
P(A|Ag, V) =N (Ao, Vo)
p(A, F(t)lg(t)) o< p(g(t)|A, £(t),02) p(f(t)|A) p(A]Ag, Vi)
Integratlon over f(t) :
p(Alg(t), 02, Ao p(g(t)| A, 02, A) p(A]Ao, Vo)
o [AAA" + 02TV 2 exp {g'[AAA’ + 021) g}
exp {1 32, 35,14 — Aof2,/[V o1}
» MAP solution can be computed iteratively
Full Bayesian:

p(A, 02, Alg(t)) o p(g(t)|A, o?, A) p(A] Ao, Vo) p(A|Ao, o) p(a?|aro, Fo)

A. Mohammad-Djafari, 6 eme Ecole d'été de Peyresq, Séparation de sources, Juillet 25-30, 2011. 79/125

vV V.V vV vY

v



Link with ICA
Classical ICA:

g(t) = Af(t) — pe(g(t)|A) = det(A) pr(A~'g(t))
» Noting by B = A~! and by y = Bg and assuming sources to
be independent p¢(f) = [[,,p;(f;) :
Inp(g1.7|B) = lndet )+ ZZp] Yj)
» Maximum Likelihood:
B= argméix {J(B) =Inp(g:1.7|B)}

» lterative Gradient based algorithm

B*D — B®) _ yH(y) with H (y) = ¢(y)y' — 1T

$(y) = [1(n), .- ulyn)]  and () = ~C.
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Gauss p(z) o exp {—az”} d(z) =2z
Laplace p(z) x exp{—alz|} o(z) = asign(z)

]‘ z a2
Cauchy p(z) x T (z/a) P(z) = ﬁéw
Gamma p(z) x z%exp {—pBz} o(z) =—aj/z+ 5

Sub-Gaussian

p(2) o exp {—%f} sech?(2)

¢(z) = z + tanh(z)

Mixture of Gauss.

p(z) x exp{— ;1 z— 04)22}

—|—exp{—5 z+ «) }

d(2) = az — atanh(az)

A. Mohammad-Djafari,

6 eme Ecole d'été de Peyresq, Séparation de sources,

Juillet 25-30, 2011.
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Link with Learning in Neural Network

0
H(y) =5 Zlﬂpi (yi) — In[det(B)|| .
0B -
Optimization by a Gradient based algorithm:

AB x H(y) = [I — ¢(y)y'|B

9] B |u] ¢) |20

<— NN «—
AB| Learning
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5. Advanced Bayesian methods

Non Gaussian, Dependent, Colored sources
g(t)=Af(t)+ ()—>91T—Af1T+€1T
p(gr.7/f1.7) ZZ% git (1)

Inp(fi.7) E;er ocexp{ ZZ Z]}
Inp (A, f1.7]91 QZ gz J(t )2
—I—ZZTj(fj 20222@ + cte.
t
30 _ srgmax > ai(gi— [Af): +Zr] fj}
Ak — arg max Zqi(gi[Af]i)—i-Mzi:zj:a?j}

i
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Gaussian / Non Gaussian

» Gaussian laws for the noise and sources :

{ f@) (A’A + X)L A'g(t)
A S g O, FE) () +pl)™!

with A = 02/02 and p = 02 /02.

» Non Gaussian sources f(t):

{ y(t) = (A'A+MI)"1A'g(t)

ft)y = oy)
A = g O, FOF(t) +pul) !

9 (AA+X)'A Y, o(.)

7,
JT: NN Learning <:ll
Al A=gf'(ff +uD)~!
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Dependent sources

» Gaussian laws for the noise and sources :

{f(t) = (A’A+)\D'D)"1A'g(t)
A = g0 O fFO)F () +pI)!

with A = 02 /02 and = 02 /02.
» Non Gaussian sources f:
y(t) = (A/A+AD'D)"tA'g
{ f@) = oy)
A= g f O, FOF )+ pd)™

9| (AA+ D'D)'A Y| ¢() L
ﬁ: NN Learning <:U
Al A=gf'(ff +pl)™
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Indpendent but temporally colored sources
IID case:

) =Y pi(fj(t),Vt — p(f1 1) = ZZpyfa
J

Spatially indpendent but temporally colored sources

p(fi.7) Zpy (f;(1 (1))

Main difficulty: Modelization of p(f;(1),..., f;(T))

» Markovian Models:
T
p(fi(1), ..., fi(T ) [T p(f @155 = 1))
t=2

» Gauss-Markov (First order AR Model):

p(fi(1), ..., fi(T)) o exp { . 5> ((fi(t) —afi(t - 1))2}

t
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Joint Estimation of A and f with a Gaussian prior model

IE () p(f ( )|U0j) :N(07U0j)
vy p(f(t)lvo) o exp {~5 32, £2(t) oo, |
: /\ p(AZ]‘AOZ]7 VOZ]) N(Aoija VOij)
Ve \6\(9) (t) p(AlAg, Vo) = N(Ag, Vo)
p(g)|A, F(t),ve) = N(AF(t),vel)

p(f1.1,Algr.r) o< plgr.rlA, f1.1,v) p(f1.1) p(AlAg, Vo)
o [[;p(g®IA, f(t),ve) p(f()|z(t)) p(A]Ao, Vo)

p(f(®)|gr.1, A, ve,v0) = N(F
p(Algr.1, f1.17,0e, Ao, Vo) =

p(f(t)|gl..T,'Ue,U0) = N(
p(A‘gl..TungO,Vo) pr

;3
) [\l
<

)
o

(
(

<>@

=
>
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Joint Estimation of A and f with a Gaussian prior model..

vo = [vf,..,vf]’, All sources a priori same variance v
Ve = Ve, .., 0]/,  All noise terms a priori same variance v,
AO = 0, VO = ’l)aI

p(F(t)]g(t), A, ve,v0) = N (F(1), Z)
{ S = (A'A 4+ D)
):(A,A-i-)\fI) 1A, () )\f:ve/vf

p(z4/\|g(t), f(t)a Ve, AO’ VO) = N(ﬁv ‘7)

V = (F'F+\I)!
A= g0 F () (Z FOF @)+ Aad) ™ Ao = ve/va
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Joint Estimation of A and f with a Gaussian prior model..

p(f1.1,Algr.r) o< plgr.rlA, f1.1,v) p(f1.1) p(AlAg, Vo)
o [[;p(g®IA, f(t),ve) p(f()|z(t)) p(A]Ao, Vo)

Joint MAP:
Ft) = (AA+ D)~ Alg(t), A=
A= gOF ) (S FOF O+ M) Aa=ve/va
Algorithm:
A0 A (21'21 + A fI) T Arg —f(t)
4 3

-1

A— |, 90F ) (S FOF O+ M) | —F)
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Joint Estimation of A and f with a Gaussian prior model

VBA: p(fi.1,Algr.7) — ai(fr.7|A,91.7) ©2(Alf1.7,91.7)

a(FB)lg(t), A, v, v0) = N(F(1),S)
S = (AA+N\V)!

Ft) = (AA+ X\ V)L AG(t), A = /vy
(Alg(0) £ 1), v, Ao, Vo) =N(A,V)

V = (F'F+)\32)! »

A=Sg0)F O (S fOF O+ M) Ao =ve/vg

Juillet 25-30, 2011.
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Joint Estimation of A and f with a Gaussian prior model..

Algorithm:
~ ~ ~ o~ ~\ —1 ~ ~
AO 5 A F() = (A’A +A fv) Alg(t) —F ()
VO = V=5 _ (a4 A7) —%
)
o~ ~ / o\ —1
A A= 5, g0OF O (T FOF O +A2) |1 0)
VEV = (F'F 4+ 33) ! — X
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Joint Estimation of A and f, v, and v

p(fl..Tu A7 Ve, ’v‘gl..T) X

p
P (Blwo) o exp {1 55, 72(0) /o }

(f3(®)]vos) = N(0,v;)

(f

( mn‘AOm ns VOm,n) = N(Aom,m VOm,n)
(A[Ag, Vo) = N(Ag, Vo)

(@A, f(t),ve) = N(AF(t), v)
(U€|a6071860) = g(aeo’ﬁeo)

(vjlao, Bo) = G(aw, Bo)

p(g1.7lA, f1.1,v) p(f1.7|v)
p(A[Ag, Vo) p(ve| ey, Bey) T, p(vjlevo, Bo)

[T, p(g(t)|A, £(t),ve) p(f ()]0 (t))
P(A[Ag, Vo) p(velae, Bey) 1T, p(vjlao, Bo)

p
p
plg
p
p
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Joint Estimation of A and f ve and v with dependent
and colored source

0 %

(f] 1(t) + fi+1(2))/2
V) with V' = D'diag
mn|AOm ns VOm n) = N(AOm,nv Vv

(/5
() 70
AOaVO (A|Ag, Vo) = N(AOaVO)
(9
(
(

@@ 0

(OIA, f(t),v) = N(AF(t),vT)
Ve |a6071660) = g(ae()wBEo)
vjlaw, Bo) = G(ao, Bo)

p(fi.1, A ve,v|g1.7) < plgr.r|A, fi.1,v) p(f1.7|v)
p(A‘A07 VO) p(/U€|an7 560) H] p(/Uj|CMO, /BO)

’B'B’@'B’BBE

o< L p(g@®)A, £(£),vc) p(f (#)|2(2))
p(A|A07V0) (U€|a60’560) H]p(i)j|0é0,,80)
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Joint Estimation of A and f with a variance modulated
prior model inducing sparsity
) ) A (U ( )‘a]075]0) = Ig(aJ'oHBjo)
e W) (50l (0) = MO0, (5)
p(F O (®) x exp {= 5, 2(0)/v;0) }

9 @ p(A|Ap, Vo) = N(Ap, V)
[rcor Bea =00~ (£)—~lg (1) pgg@)\A,f(t),vf) = N(AF (), v.1)

p 76|aeow860) = g(aeoa/@eo)

)
p(g1.7|A, fi.1,v) p(firlviT)
[T, p(vj1.7legy, Bjo)
p(A|Ag, Vo)

p(fl..T, A vy, Ue|91..T) X

[I;p(g@IA, ft),ve) p(f(#)|v(t))
[T 11, p(vi (), Bjo)
p(A|A0,Vo)
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Joint Estimation of A and f with a variance modulated
prior model ..
v ) A (U ( )‘a]075]0) = Ig(aJ'oHBjo)
e O 5Ol (1) = N .1, (8)
p(F O (®) x exp {= 5, 2(0)/v;0) }

9 @ p(A|Ap, Vo) = N(Ap, V)
[rcor Bea =00~ (£)—~lg (1) E(t)\AJ(t),vf):N(Af(t)/UJ)

}€|a6071860) = g(aeowﬁeo)
p(f(t), A, v(t),velg(t)) o

p
p(t
p(g()[A, f(t),ve) p(f (B)]v ()

IL; p(v;()leso, Bjo) (Al Ao, Vo)

g t)’A?U( ) UF?O‘]O?BJO) :A-N:\(.f(t)vz)
t), f(t),ve, Ao, Vo) = N(A, V)
|75(8); o Bjo) = g(aJij)A

t)vf( ) aewﬁeo) = g(aEOHBEO)

e d'été de Peyresq, Séparation de ces, Juillet 25-30, 2011.
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Joint Estimation of A and f(¢) with a Mixture of
Gaussians prior mode(!t)
€

p(z'j(t) = k|a]k) Qs Zk aj, =1

p(f(®)|z(t) = k) = N(myy, vj,)
v) =2 N(me 1), 02, )

p(A|Ap, Vo) = N(Ag, Vo)

p(g®)|f(t),ve) = N(AF(t),vel)
P(velaeys Bey) = LG (e, Beo)

p(fir.1, A, z1.1,ve|g1.1) < plgr.T|A, fir.1,ve) p(fi.7|z1.7)
[T, p(zj1.7lev0, Bjo)
p(A|A0, VO)p(U6|aeou/Beo)
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and 6@ with mixture model

zj(t) = kloyy,) = oy, Yopag, =1
fj(t)|zj( ) k) N(m]kvvjk)
F®)z(t),m,v) =3 N(m., ), -, 1)
AlAy, Vo) = N(AOaVO)

g1 f(t),ve) = N(Af(t), ve)

Ve|@egs Beo) = LG (g Beo)

m‘m077)0) = g(aé()?/BEo)

Vs Bey) = LG ey s Beo)

p(fr.rs Az, ve,myvlgrr) oo [T p(g(8)|A, f(t),ve) p(f(2)[2(2))
HtH p(z;()]ejo Bjo)
p(A|A07V0)p(U€|a607/B€0)
p(m|m0,vo)p('v\a60,,3€0)

™ —

(
p(Alg(t), f(t), Uon,Vo) /\/(;1"7)
p(z(t) = k[ f;(t), ajo, Bjo) = Qjix N
p(1)€|g(t), f(t) OZEO?BEO) = g(aﬁmﬁﬁo)

AR 0’ 6%)1 Ec M(c/d\’PA) ge?p(frﬁiugegg)r&egeo’550)2.1@251-39&9;17:’3\”
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Joint Estimation of A and f(¢) with mixture model (common z)

a a K p(z(t) = klog) = ar, > ar =1
-Oi@i HOI0 =) = M)
mO7UO
(
E g (8),ve) = N(AF(t), veI)
o Peg <
I (v]aey, Beo) = LG (g5 Beg )
P(A[Ao, Vo) p(ve|aey Bey)

FOz@),m,v) =32, N(me, 1), v2,1)
@0, Bo
Velteys Bey) = Gty Beo)
p(frr, A zir,vdgir) o< TI p(g()]A, £ (¢),ve) p(f(1)]2(2))
(m\mo,vo) ( |a6071860)

p
p
P(A|Ag, Vo) = N(AOaVO)
p
m—’ p
p m‘mOaUO) g(ae(wﬁﬁo)
plv
[T p(=(t) |, Br)

p(F(B)lg(t), A, 2(t), ve, ok, Bi) = N(£(£), %)
p(Alg(t), () ve, Ao, Vo) = N(A,V)
p(z(t) = k|f (1), a0, Bjo) = @
P(velg(t), (1), Qeys Beg) = G(@eg s Beoy)

p(mlf(t),mo,vo) = N1, %) p(vj]f;(1), ey Beo) =ZG(@;, ;)
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6. A few applications

v

X ray Computed Tomography for Non Destructive Testing

v

Spectrometry (with Said Mousaoui)

v

Cosmic Microwave Bacground in Radio Astronomy (with
Hichem Snoussi)

v

Sattelite image separation (with Mahiedding Ichir)

v

Hyperspectral imaging (with Nadia Bali and Adel
Mohammadpour)
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Which images | am looking for?

? “ -
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Which image | am looking for?

Gauss-Markov Generalized GM

¥ y]
"

by

FTEIT) A fy
et Wi

Piecewize Gaussian Mixture of GM
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Different prior models for signals and images
> Separable  p(f) = I1,p;(f) o exp { -85, 6(f;) }

ocexp{ B b(f( }

TeER
» Markoviens (simple)  p(fj|fj—1) < exp{—Bo(f; — fi-1)}
9 { SY Y w }
TER T EV(T)

» Markovien with hidden variables
z(r) (lines, contours, regions)

p(f]2) ocexp{ 5 Y e <>,z<r'>>}

TeER T EV(T)
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Different prior models for images: Separable

itk A |
11 ‘[I\ H{ \H ”]“ i ” \H |

Gaussian Generalized Gaussian
p(fj) o exp {—alf;|*} p(fj) xexp{—alf;P}, 1<p<2

Gamma Beta

p(f;) o f exp{—Bf;} p(f;) o< f7(1 = £3)°

~—
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Different prior models: Simple Markovian

p(f31 ) o< exp {a > o, f»} — B(f)=ad > ofi,f)

1€V, Jj i€Vj

e 1D case and one neigbor Vi=j—1

—OéZ¢ f] 1

e 1D Case and two neighbors V; = {j — 1,7 + 1}:
—OéZ¢ f] 1+f] 1))

e 2D case with 4 neighbors:
(f)=a) ¢ -8 > fr
TeR r’'ev(r)

e ¢(t) = |t|7: Generalized Gaussian
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Different prior models: Markovian with hidden
variables

N‘W
"

WA

— b
— ) ]u YT e
——— i Wiy

1,

= I

0 1 Y 6 —
Piecewise Gaussians Mixture of Gaussians (MoG)
(contours hidden variables) (regions labels hidden variables)

p(filas, fi-1) =N ((1 - q]')fj—hU,zc)p(fﬂZj =k) =N (ms,0}) & z; markov

—m 2
p<f|q)nxexp{fazwfj7<1qu>fj_1|2} p(f\Z)nxeXP{faZ > (fﬂi’“> }
J

k jERy 9k
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Gauss-Markov-Potts prior models for images

7 i
J EJ
r) z(r) (r)

r)=1-06(z(r) — 2(r"))
p(f(?")lz( ) kymi, v) = N (my, ve)

=2 Pl =N

» Separable ||d hidden variables:  p(z) =[], p(2(r))
» Markovian hidden variables: p(z) Potts-Markov:

p(z(r)|z(r"), 7" € V(r)) x exp {'y Z 5(z )}
r’'ev(r
) ocexp {7 > Y >>}

TER T V(T)

mk,vk) Mixture of Gaussians
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

F

» f|z Gaussian iid, =z iid:
Mixture of Gaussians

» f|z Gauss-Markov, z iid :
Mixture of Gauss-Markov

» f|z Gaussian iid, =z Potts-Markov :
Mixture of Independent Gaussians
(MIG with Hidden Potts)

» f|z Markov, z Potts-Markov :
Mixture of Gauss-Markov
(MGM with hidden Potts)
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Summary of the two proposed models

f|z Gaussian iid f|z Markov
z Potts-Markov z Potts-Markov

(MIG with Hidden Potts) (MGM with hidden Potts)
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Bayesian Computation

p(f,2,0lg) < p(g|f,z v) p(flz, m,v) p(z|y, ) p(0)

0 = {v., (g, mp,vg), k=1,-, K} p(0) Conjugate priors

» Direct computation and use of p(f, z,0|g; M) is too complex

» Possible approximations :
» Gauss-Laplace (Gaussian approximation)
» Exploration (Sampling) using MCMC methods
» Separable approximation (Variational techniques)

» Main idea in Variational Bayesian methods:
Approximate

p(f.z0lg;M) by q(f,z,0)=a(f) (=) ¢(0)
» Choice of approximation criterion : K L(q : p)
» Choice of appropriate families of probability laws
for g1 (f), g2(2) and ¢3(8)
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MCMC based algorithm

p(f,z,0lg) < plglf,z,0)p(flz,0)p(z)p(@)
General scheme:

~

f~p(fI2.0.9) — 2 ~p(z|f.0.9) — 0 ~ (0]f,2,9)

> Estimate f using p(f|2,0,9) x p(glf,0) p(f|Z,0)
Needs optimisation of a quadratic criterion.

> Estimate = using p(2|f,0,9) < p(g|f,2,0) p(2)
Needs sampling of a Potts Markov field.
» Estimate 6 using

p(0|f.2,9) < p(g|f,o2I) p(f|Z, (mi,vk)) p(0)
Conjugate priors — analytical expressions.
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Application of CT in NDT

Reconstruction from only 2 projections

91 () z/f(w,y) dy,  92(y) :/f(:lay) dz
» Given the marginals g1 (z) and g2(y) find the joint distribution

f(z,y).
» Infinite number of solutions : f(x,y) = g1(x) g2(y) Q(z,y)
Q(z,y) is a Copula:

/Q(a:,y) dr=1 and /Q(ax,y) dy =1
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Application in CT

@i

glf flz z c
g=Hf +e iid Gaussian id c(r) e {0,1}
glf ~ N(Hf,02T) or or 1= 3(x(r) — =(r"))
Gaussian Gauss-Markov Potts binary
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Results

Gauss-Markov+pos

m,
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Application in Microwave imaging

o(w) = / F(r) exp {—j(wr)} dr + e(w)

o(u,v) = // F () exp {—j(uz + vy)} de dy + e(u,v)

g=Hf+e

flz,y) g(u,v) ? IFT ? Proposed method
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Application in Microwave imaging
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Conclusions

» Bayesian Inference for inverse problems
» Approximations (Laplace, MCMC, Variational)

» Gauss-Markov-Potts are useful prior models for images
incorporating regions and contours

» Separable approximations for Joint posterior with
Gauss-Markov-Potts priors

» Application in different CT (X ray, US, Microwaves, PET,
SPECT)
Perspectives :
» Efficient implementation in 2D and 3D cases

» Evaluation of performances and comparison with MCMC
methods

» Application to other linear and non linear inverse problems:
(PET, SPECT or ultrasound and microwave imaging)
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Images fusion and joint segmentation

(with O. Féron)

g9i(r) = fi(r) + e(r)
p(fi(r)|z(r) = k) = N(miy, 07
p(flz) =1L p(fil=)
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Data fusion in medical imaging
(with O. Féron)

gi(r) = filr) + €(r)
p(fi(r)]z(r) = k) = N(mi, 07,)
p(flz) =I1;p(fil2)

?2'
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Joint segmentation of hyper-spectral images

(with N. Bali & A. Mohammadpour)

gi(r) = fi(r) + e(r)
p(fz(r)\z(r) :k) :N(mik?azzk)v k=1,--- K
p(flz) =11;p(fil2)

m;y, follow a Markovian model along the index 1
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Segmentation of a video sequence of images
(with P. Brault)

g9i(r) = fi(r) + &(r)
p(fl(’r)‘zl(r) :k):N(mikaa-zzk)a k‘Zl, aK
p(flz) =TI p(filz)

zi(r) follow a Markovian model along the index i
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Source separation
(with H. Snoussi & M. Ichir)

(f]( )‘zJ< ) = k) :N<mjkvgg2'k)
p(AZJ) —N(AOiij(%ij)

7 caele

~
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Thanks, Questions and Discussions
Thanks to:

My graduated PhD students:

P H. Snoussi, M. Ichir, (Sources separation)

P F. Humblot (Super-resolution)

P H. Carfantan, O. Féron (Microwave Tomography)

P S. Fékih-Salem (3D X ray Tomography)
My present PhD students:

P H. Ayasso (Optical Tomography, Variational Bayes)

P D. Pougaza (Tomography and Copula)

| 4

P Sh. Zhu (SAR Imaging)

> D. Fall (Emission Positon Tomography, Non Parametric Bayesian)
My colleages in GPI (L2S) & collaborators in other instituts:
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Questions and Discussions
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Conclusions and Perspectives

» Bayesian approach is powerfull

» We proposed a list of different probabilistic prior models which
can be used for sparsity enforcing.

» We classified these models in two categories: simple heavy
tails and hierarchical mixture models

» We showed how to use these models for inverse problems
where the desired solutions are sparse

» Different algorithms have been developed and their relative
performances are compared.
» We use these models for inverse problems in different signal
and image processing applications such as:
» Synthetic Aperture Radar (SAR) Imaging
» Signal deconvolution in Proteomic and molecular imaging
» X ray Computed Tomography,
Diffraction Optical Tomography,
Microwave Imaging, ...

A. Mohammad-Djafari, 6 eme Ecole d'été de Peyresq, Séparation de sources, Juillet 25-30, 2011. 124/12



Main references on sparsity

El

) W EE W E R

A.

<

A. Doucet and P. Duvaut, “Bayesian estimation of state-space models applied to deconvolution of
Bernoulli-Gaussian processes,” Signal Processing, vol. 57, no. 2, 1997.

T. Park and G. Casella., “The Bayesian Lasso,” Journal of the American Statistical Association, 2008.
M. Tipping, “Sparse Bayesian learning and the relevance vector machine,” Journal of Machine Learning
Research, 2001.

C. Févotte and S. Godsill, “A Bayesian aproach for blind separation of sparse source,” IEEE Transactions on
Audio, Speech, and Language processing, 2006.

J. Griffin and P. Brown, “Inference with normal-gamma prior distributions in regression problems,” Bayesian
Analysis, 2010.

N. Polson and J. Scott., “Shrink globally, act locally: sparse Bayesian regularization and prediction,”
Bayesian Statistics 9, 2010.

H. Snoussi and J. Idier., “Bayesian blind separation of generalized hyperbolic processes in noisy and

underdeterminate mixtures,” IEEE Trans. on Signal Processing, 2006.

P. Williams, "Bayesian regularization and pruning using a Laplace prior,” Neural Computation, 1995.

T. Mitchell and J. Beauchamp, “Bayesian variable selection in linear regression,” Journal of the American
Statistical Association, 1988.

J. R. H. Ishwaran, “Spike and slab variable selection: Frequentist and bayesian strategies,” Annals of
Statistics, 2005.

J. J. Kormylo and J. M. Mendel, “Maximum-likelihood detection and estimation of Bernoulli-Gaussian
processes,” vol. 28, pp. 482-488, 1982.

M. Lavielle, “Bayesian deconvolution of Bernoulli-Gaussian processes,” Signal Processing, vol. 33,
pp. 6779, 1993

ohammad-Djafari, 6 eme Ecole d'été de Peyresq, Séparation de sources, Juillet 25-30, 2011.

125/12



