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Lecture 3: Function Spaces |
Finite Elements Modeling

Bruno Levy
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1. Motivations @) SIGGRAPHASIA

Computing with meshes
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1. Motivations P’) SIGGRAPHASIA

Computing with meshes
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2. Function spaces @ SiSerArHASA

.

Vector spaces
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2. Functionspaces @ SSCTAsA

Vector spaces - coordinates

V=xe tye,+ze,
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2. Function spaces @ S'SETATTASA

=

Vector spaces - coordinates

V=xe tye,+ze,

-3 ! x=V.e,
y=V.e,
°2 2=V .e,

€
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2. Function spaces @ S'SETATTASA

=

Vector spaces - coordinates
V=xe tye,+ze,

X=V.e
y=V.e,
°2 2=V . e,

P,

Dot product:
V.W=V,W,+V, W, +V, W,
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2. Function spaces @ S'SERATTASA

-

\ector spaces - projection

Vv
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2. Function spaces @ S'SETATTASA

\ector spaces - projections
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2. Function spaces @ S'SETATTASA

\ector spaces - projections

W= (V.e)e, +(V.e,e,
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2. Function spaces @ SSe TS

Vector spaces — importance of the dot product

The dot product can compute

*Coordinates of a vector in a basis
*Projection of a vector onto a subspace
*Length of a vector =V V.V
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2. I:unCtIOn Spaces 6 SIGGRAPHASIA

Vector spaces — importance of the dot product

The dot product can compute

*Coordinates of a vector in a basis
*Projection of a vector onto a subspace
*Length of a vector =V V.V

mms) Hilbert space
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2. Functionspaces @ SIGGRAFHASIA

=

Dot product for vectors

Ml
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2. Functionspaces @ SIGGRAFHASIA

=

Dot product for vectors

I, v

O
O
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2. Functionspaces @ SIGGRAFHASIA

-

Dot product for vectors

I, v

Dot product for functions
f(x)

M
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2. Functionspaces @ SIGGRAPHASIA

Dot product for vectors

I, v

Dot product for functions
f(x)

N4 \ <f.g> = [ foyg@at
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2. Functionspaces @ SIGGRAPHASIA

Dot product for vectors

I, v

Dot product for functions
f(x)

M \ <f,g>\:If(t)g(t)dt

The inner product (dot product for functions)

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011



=

2. Function spaces @ SISERAASA

Vector spaces — importance of the dot product

The inner (“dot”) product can compute

*Coordinates of a function in a function basis
Projection of a function onto a subspace
*“Norm” of a function = V<ff>

Sponsored by ACM SIGGRAFPH
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2. Function spaces @ S'SETATTASA

-

Examples of function basis

The canonical polynomial basis (¢1)

do(X) =1
01(X) = X f(x) =2 o ¢;(X)
h,(X) = X
h,(X) = X3
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2. Function spaces @ S'SETATTASA

-

Examples of function basis

The Fourier basis (¢i)

do(X) =1 -
ozk(x) = sin(2knx) f(X) = 2 o ¢;(X)

d,1+1(X) = COS(2KmX)
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2. Functionspaces @ SSCTAsA

Basis (quadratic
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2. Function spaces @ S'SETATTASA
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3. Discretizinga PDE @ S!SGRAFHASA

=

General form of a linear PDE:
Lf=09
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3. Discretizinga PDE @ S!SGRAFHASA

=

General form of a linear PDE:
Lf=0¢

/

Linear operator
e.g., A
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3. Discretizinga PDE € SiGerArHAsk

-

General form of a linear PDE:
LT=g

Unknown function
(the one we want to compute)
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3. Discretizinga PDE @ S!SGRAFHASA

General form of a linear PDE:
Lf=09

N

Known function
(right hand side)
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3. Discretizinga PDE € SiGerArHAsk

-

General form of a linear PDE:
Lf=09

Weak form: Vh, <Lf, h> =<g, h>
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3. Discretizinga PDE € SiGerArHAsk

-

General form of a linear PDE:
Lf=09

Weak form: Vh, <Lf, h> =<g, h>

\

Test function
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3. Discretizing a PDE € SISGRAPHASA

General form of a linear PDE:
Lf=09

Weak form: Vh, <Lf, h> =<g, h>

\

Test function

Intuitively, weak form: “Lf = g” projected onto all possible test functions
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3. Discretizinga PDE @ S!SGRAFHASA

=

Lf=g

Discretization
Step 1. project PDE onto function basis (¢i)
Vi, <Lf, 6> =<g, 6> (1)

O
O
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3. Discretizing a PDE € SISGRAPHASA

Lf=09

Discretization
Step 1. project PDE onto function basis (¢i)
Vi, <Lf, 6> =<g, 6> (1)

Step 2: express fin (¢1): = X o ¢;and inject in (1)
Vi, <L Z o ¢y, 0> = <@, ¢
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3. Discretizinga PDE € SiGerArHAsk

=

Lf=¢

Discretization

Vi’ <LX O(‘j (I)Ji (I)i> = <g1 (I)i>
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3. Discretizinga PDE @ S!SGRAFHASA

=

Lf=¢

Discretization
Vi’ <LX O(‘j (I)Ji (I)i> = <g1 (I)i>

Vi, X oy<L ¢, o> =<g, ¢;> (by linearlity of <.,.>and L)

O
O
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3. Discretizinga PDE € SiGerArHAsk

-

Lf=9

Discretization
Vi’ <|— 2 O('j (I)j! (I)i> - <g! (I)i>
Vi, X oy<L ¢, o> =<g, ¢;> (by linearlity of <.,.>and L)

Vi, Zoy<L ¢y, o =X B;< ¢y, ¢> (thsg=2 B;¢))

oy scusaen (= [ @ www.SIGGRAPH.org/ASIA201 1



=

3. Discretizinga PDE @ S!SGRAFHASA

Lf=¢

Discretization

Vi, X oy<L ¢y, > =2 < ¢;, o> Galerkin
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3. Discretizing a PDE

6 SIGGRAPHASIA

<

Lf=g

Discretization

Vi, X oy<L ¢y, > =2 < ¢;, o> Galerkin

<Ld;, &>

Sponsored by ACM SIGGRAPH ‘\:r (/)
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3. Discretizinga PDE € SiGerArHAsk

-

Lf=g

Discretization

Vi, X oy<L ¢y, > =2 < ¢;, o> Galerkin
[ 0| I ] By

<dj, 0>

<Ld;, &>

Discretization of
the operator L
(stiffness matrix)
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6 SIGGRAPHASIA

3. Discretizing a PDE

Lf=g

Discretization

<

Vi, X oy<L ¢y, > =2 < ¢;, o> Galerkin

<Ld;, &>

O

L 00y
A
Discretization of
the solution f

(unknown vector)

»
Sponsored by ACM SIGGRAPH ‘\:r (/) @
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3. Discretizing a PDE € SISGRAPHASA

Lf=¢

Discretization

Vi, X oy<L ¢y, > =2 < ¢;, o> Galerkin

<L¢i, ¢

Sponsored by ACM SIGGRAPH —\:, ()

Olq

<0;, §;>

Discretization of
the inner product
(bilinear form)
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3. Discretizing a PDE

6 SIGGRAPHASIA

<

Lf=g

Discretization

Vi, X oy<L ¢y, > =2 < ¢;, o> Galerkin

<Ld;, &>

»
Sponsored by ACM SIGGRAPH ‘\:r (/) @

O

<dj, 0>

By

0
Discretization of
the rhs g

(known vector)
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4. Discretizing the Laplacian & S/SSFAFHASA

-

A f — g (Poisson equation)

Discretization

<A d, o <d;, 0>

oy scusaen (= [ @ www.SIGGRAPH.org/ASIA201 1



4. Discretizing the Laplacian & 5'%F

Discretization — P1

%1 [ Bl_

<0;, §;>

B Otn_ - l - L Bn_

1 1—3P,;
/ (I)i('[)jd‘q — 2|;t| / / {I)?{I)jdfl)?dfbj —
JPET D=0 JDP,;=0

1
= 1 2 1 t
|1ﬁ| / (I)f(l—(l)f}gd{;[)i:|f| - =4 = :U
J&, =0 2 3 4 12

<A¢; ¢
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4. Discretizing the Laplacian & 5'%"

=

Discretization — P1

Uy [ Bl_

<0;, ¢

L O - l - L Bn_

Coefficients of the mass matrix:

<A ¢, ¢j>

<, ¢;> = (|t[+|t'[)/12if i and j share an edge

<, o> = (2 ]t]) /6

tin St()
<¢y, ¢;> = 0 otherwise
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4. Discretizing the Laplacian & 5'%"

Discretization — P1

oy B,

<A¢; ¢ <¢;, ¢

l - ) an- - - - Bn_

<A ¢;, §> =-<V¢;,Vo;> (+ boundary term)
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4. Discretizing the Laplacian & S'SSRARHASA

Discretization — P1

Olq I Bl_

<Ad, o <di, 0>

l = -~ an- L - L Bn_

<A ¢;, §> =-<V¢;,Vo;> (+ boundary term)

eie; _ lleil llesllcos(By) _ cot(Biy)

41t 2lles]|.[lej]|sin(Bi;) 2

/ VO VP dA =
o T

Summing over the triangles gives ...

sseyicusaanen =) 19 @) www.SIGGRAPH.org/ASIA2011



4. Discretizing the Laplacian & S/SSFAFHASA

-

Discretization — P1

oy i 1 [8
<A ¢, o> = | <. o
l i | Ol i . | B
Qi; = (cotan(B; ;) + c(}t.an{ﬁ:,j}) /2
Q? 1 — Zj Qiﬁ,j
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4. Discretizing the Laplacian & 5'%"

P1 FEM Laplacian - summary

g ] By ]

<A¢;, o> = | <o, ¢

l i | Ol i . | B
Qi; = (cotan(B; ;) + c(}tan{ﬁ:,j}) /2
Qf.-:,f.e - Zj Qm’

v

By = (I +[¢])/12
Bii = (Xiesi |t)/6

sseyicusaanen =) 19 @) www. SIGGRAPH. org/ASIAZ011



4. Discretizing the Laplacian & S'SSRARHASA

=

P1 FEM Laplacian

[Pinkall and Polthier 94]

[Meyer and Desbrun 99]

O
O

Sconsored by ACM SIGGRAPH &) (
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4. Discretizing the Laplacian & S/SSFAFHASA

-

P1 FEM Laplacian

THE SOQOLUTION OF PARTIAL DIFFE’REM_TIﬂL
EQUATIONS BY MEANWNS OF ELECTRICAL

NETWORKS

Thesis by

Richard H. MaclNeal

California Institute of Technology

Fasadena, California

1949
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4. Discretizing the Laplacian & S/SSFAFHASA

.

P1 FEM Laplacian [Mac Neal 1949]

5 A0
i |

'
2
|
t
‘A

Thye
ﬁ AB Dl? = '@L‘E)— (ctn@l + Ctnﬁg}
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5. Hgenfunctions € S'SerATtAsA

Operator equation: Lf = Af Manifold Harmonics

: [Vallet & L, 2007]
Lf = Af = div(grad f))
Al B MHT
3 " 34; MHB [T, 70,. . Fm] 5 G 8o im] 3 [B1 30 ]

www.SIGGRAPH.org/ASIA201 1



5. Eigenfunctions @ s'GGrAPHASIA

-

eOperator equation: Lf=Af

eFunction basis (¢i): =2 o ¢

eInner Product: <f,g> = [ f(x) g(x) dx

oVIi, <Lf, > = A<, ¢>
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5. BElgenfunctions & SiGérAPHASK

=

Test function space (¢1): f=Z o; ¢;  (P1,P2,P3)
Vi, <Af, o> = A<f, ¢>

<Af,g>=-<V{,Vg> (+ boundary term)

AX = ABX
8 = -<V¢;, Vo> ; by = <y, 4>

Generalized eigenvalue problem
(solved by ARPAK or MATLAB)
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5. Hgenfunctions @ SISGRAPHASA

P1 function basis P3 function basis
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@), SIGGR

-
O
D
-
-
=
@D
ko)
1]
LO

7

i

A

P3 function basis

P1 function basis

/W W.S'GGRAF' '.a'g/ASIA201 ]



5. Eigenfunctions & SISERARHASA

=
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5. Hgenfunctions € S'SerATtAsA
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5. BElgenfunctions & SiGérAPHASK

Compute the terms <V¢;,V;> and <¢;,¢;> using the P3 function basis ...

Derivations: see Bruno Vallet’s Ph.D thesis
Implementation available in Graphite / ManifoldHarmonics plugin
See http://alice.loria.fr/software

oy scusaen (= [ @ www.SIGGRAPH.org/ASIA201 1



5. Eigenfunctions & SISERARHASA

=

Boundary conditions

Dirichlet Neumann
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5. Hgenfunctions € S'SerATtAsA

Boundary conditions

Dirichlet Neumann

s scusocmsen =) [ @ www.SIGGRAPH.org/ASIA2011



Discrete or continuous ?

How many points in a triangle ?
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Discrete or continuous ?

O O
Is this a triangle ?
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Discrete or continuous ?

P4

P P3

T={A1 Pr+ Ay Py A3 03 0 <Ay, gy Agy AgtAgtAg=1]
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Discrete or continuous ?

P4

| am a point of
this triangle

P P3

T={A1 Pr+ Ay Py A3 03 0 <Ay, gy Agy AgtAgtAg=1]
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Discrete or continuous ?

P4

Me too !

Me too !

P P3

T={A1 Pr+ Ay Py A3 03 0 <Ay, gy Agy AgtAgtAg=1]
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Epllcgue ( SIGGR ASIA

A mesh surface Is a continuous object
encoded by a discrete set of parameters
P1

o P3

T={A1 Pr+ Ay Py A3 03 0 <Ay, gy Agy AgtAgtAg=1]
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Epilogue @ SIGGRAPHASIA

=

We can compute integrals over the triangle

Pq

P3

P2
T={A1 Pr+ Ay Py A3 03 0 <Ay, gy Agy AgtAgtAg=1]

Sorsemsmyscusooven (%) [ J) @ www.SIGGRAPH.org/ASIA2011



C SIGGRAPHASIA

-

A Pn function is also a continuous object
encoded by a discrete set of parameters
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Epilogue @ SIGGRAPHASIA

-

Discretization of parameters (geo. or func.)

—

Discretization of geometry
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Epllcgue C SIGGRAPHASIA

=

What's the point ?

O
O
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What's the point ?

(1) Smooth is beautiful

i
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Epilogue @ SIGGRAPHASIA

What'’s the point ?

(1) Smooth is beautiful

- $ a @ www.SIGGRAPH.org/ASIA2011



What's the point ?

(1) Smooth is beautiful P
.
. _ ‘ %'\:}\ a l\" ’é’ih
(2) FEM framework is -

general

From bunnies to spaceships ...
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Epilogue C SIGGRAPHASIA

What's the point ?
(1) Smooth is beautiful

(2) FEM framework Is
general

(3) P1 does not always suffice (Bi-Laplacian...)
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Further readi ng Q SIGGRAPHASIA

Grégoire Allaire

Theory, validy, convergence
= = Sobolev spaces

nalyse numerique ]

et optimisation Lax-Milgram
Other function bases
Other inner products

LES EDITIONS DE LECOLE POLYTECHNIGUE
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Further reading 0 Tt A

LAROUSSE

ADYANMNCED
DICTIONARY

Analyse numérique
et optimisation

French ooiee,

100.000 translations

LES EDITIONS DE DECCLE POLYTECHNIGQUE
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Further readl ng Q SIGGRAPHASIA

— : NUMERICAL MATHEMATICS
Grégoire Allaire AND SCIENTIFIC COMPUTATION

Numerical Analysis
Analyse numérique and Optimization
et 0O pt Im |9t |° 1] An Introduction to Mathematical

Modelling and Numerical Simulation

GREGOIRE ALLAIRE

LES EDITIONS DE LECOLE POLYTECHNIGUE
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