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Sparsity and Inverse Probler

¥ More unknowns than equations:
AZCQ — AZCl " o — I
¥ Uniqueness of sparse solutions = identibability

' if Xg, X1 are Osufpciently sparseO,
' then AXpg= AX1! Xo= X4

¥ If X0, x1 Osufbciently sparseQ, identibcation wi
' L1-minimization = convex problem
' Greedy algorithms

¥ Robustness to Oapproximately sparseO and nc
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Overview

¥ Exact recovery
! greedy algorithms
' (non)convex Lp-minimization
! comparisons

¥ Stability and robustness
' Instance optimality for Lp-minimization
! Restricted Isometry Property




Exact recovery




Usual sparsity measur

¥ LO-norm ato = S larl® = H{k, 2 = 0)
) Supl]gl)ort(x)

¥ Lp-nOrmS IX'B ::7 |Xk|p,0" pn 1

Kk

¥ Constrained minimization

X, € arg ”](i”HXHp subjectto b = Az
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Empirical observation
Lp versus L1

0 > b = Axg >, = arg, min lzlp
reference direct model iInverse problem °
Typical observatiofe.g. chartrand 2007) +extrapolation

P(X™ = Xo)

kl&A% kl/lz (A) Eko(A)



Proved Equivalence
between LO and L1

¥ OEmptyO theorem :assume thdd = A x
it 'wolo " ko(A) then xo = x4
it ' Xolo " K1(A) Xo = X]

¥ Content = estimation ofko(A)  ané(A)

Donoho & Huo 2001 : pair of bases, coherenc
Donoho & Elad 2003, Gribonval & Nielsen 2003 : dictionary, coherenc
Candes, Romberg,Tao 2004 : random dictionaries, restricted isometr
Tropp 2004 : idem for Orthonormal Matching Pursuit, cumulative cohere

¥ What about x5,0<p<1l 7
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General sparsity measur

¥ Lp-norms x|z =

k

IXx|?,0<p<1

¥ f-norms! ), .- > fllzl)

¥ Constrained minimization

f (Xk)
A

ri =} (b,A)! argmin"2"; subjectto b = Az
X

When do we havez; (A zg,A) = 2o ?

8
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Recovery analysis
for iInverse problenp = Ax

¥ Holy grail = characterize set of OrecoverableO coefb
(x! RY,x%(Ax,A) =x}
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Recovery analysis
for iInverse problenp = Ax

¥ Holy grail = characterize set of OrecoverableO coefb
(x! RY,x%(Ax,A) =x}

¥ Practice : bnd OsimpleO recovery conditions
! 1-sparse
I 2-sparse




Some OsimpleO recove

conditions

Orecoverable supportsO = Orecoverable sparsityO =
subsetd C 1, N" integersk
such that such that
supp(X) :={k, X =0} " | [zollo < K
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Exact recovery:

Greedy algorithms




Objective

¥ Given
' DictionaryA,
! support setl

¥ Goal = understand when MP (and variants
guaranteed to only select atomsljgiven an
Input vectorb = A x

¥ Analysis: based apperator norms




Operator norms

¥ Linear operatorL : /F — (1 I
¥O L — H ‘qu
perator norm ||L||p1 ¢ = Sup
x=0 1z |lp
¥ Adjoint operator VX, Y (LX,y) = (X, L' y)
¥ For real-valued matricds * = L *
¥ Duality relation: for alL, 1! p.q"

ILllor = [IL" llg p




Operator norms (ctd)

¥ When p=g=2
' SingularValue Decomposition (SVD)
uu’ =u'u =1d,,

L = UV vvT=vTv =1dy

! Operator norm

ILfl2—2 = [I' a2 = ! max( L)

I Proof: exercise




Operator norms (ctd)

¥ When p=1, for anyq

I Columns

L=|Ly...,Ly|

! Operator norm

n

I Proof: exercise




Exact Recovery
Condition for *MP

¥ Theorem: consider any weak/stagewise
greedy algorithm that iterates

aselection of atoms in a set such that
|nf A ri_|! tSUp|ATr, 1

an update of the residual suph that

ri ! span(A,,n!" J 1 1)

I ASsume = ERC()

' Conclude: given inpdd = A, x; ,the algorithn
IS guaranteed to only select atomslinvi, I'; C |
16 = _IRISA




ERC: proof

¥ Selection rule implies
|nf A T ]! tSUp|ATr, J = AT,

¥ It IS sufpcient to prove by induction that

T T
SU.plA r,_ 1|:|A]Crz 1- oo<t'A ri—lloc
nél

since this impliesh €1 = n £

¥ Equivalently, we will just prove by inductior
! Achri! 1!
! A;r IRLE

17
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ERC: proof (ctd)

!A.;I_C I'! " +
¥ Lemma sup =sup!A’ A,!,
1 AT ¢l |
rl span(A;) -3 L= nl |

¥ Proot: Al c=(ATA;) 'd

AT o l IATA ¢l o l IATA(ATA )t o

IATr o~ TATA ol o d

1 ATATATAD) Y Lo
=1(AA) AT Al

18



ERC: proof (end)

¥ Fori=1 I;—1 € span(A r)

¥ By induction, if this holds true at step i we
obtain

LA Torin 1!

" SUp!AT AL <t
AT il e

¥ [t follows that I'j ! [
¥ By the update rule

r; ! span(A,,n!" *

19



Exact recovery:

Lp minimization




Null space

¥ Null space = kernel
z! N(A)" Az=0

¥ Particular solutiorvsgeneral solution
! particular solution

Ax =D
' general solution

Axr =b<sz —zeN(A

1 . IRISA



Exact recovery:
necessary condition

¥ Notations
' Index setl
' vector z
' restriction 2| — (Zi )i! |

¥ Assume there exists € N (A ) with
|z lle > Jlziels
¥ Debneb := Az; = A(! zc)

¥ The vectors| is supported ihbut isnotthe
minimum norm representation d

29 . IRISA



Exact recovery:
sufbcient condition

¥ Assume quasi-triangle inequality

VX YIIX +Yylle < [IX[le + [yl
¥ Considerx with support setl andx@ith Ax’ = Ax

¥ Denote Z := X' — X € N(A) and observe
=l(x+ 2) s + 1(z+ 2)!y

=IX+z'!s +1zc!5

! 11 X".I: #ll ZI "f + "ZIC"f
¥ Conclude:
If lzicls >z whenz! N (A) then| isrecoverable

- . IRISA




Recoverable supports :
the ONull Space PropertyO

¥ Theorem 1 [Donoho & Huo 2001 for L1, G. & Nielsen 2003
' Assumption 1: sub-additivity (for quasi-triangle ineque

f(adb) <f(a)+f(b),Vva,k

' Assumption 2:

' Conclusion:X recovers every  supportedin

I The result is sharp: if NSP fails on supplatiere isat
least one failing vector X supported inl

" . IRISA



From OrecoverableO supports
OsparseO vectors

(L2377 >

/{2}% ot o \

Trellis of supports

{N}




From OrecoverableO supports
OsparseO vectors

Recoverable supports
are nested NSPY
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From OrecoverableO supports
OsparseO vectors

uec\A

SUPpPOItSs!

N\

Recoverable supports
are nested NS /
K (A) ﬁl — I xl 0

—>
S"Jﬁ’-li&ﬁuy y SPAl I -
: At leastoneffaili ort
guaranteea recovery MW&

25 = 1RISA
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Recoverable sparsity levels
the ONull Space PropertyO

¥ Corollary 1 [Donoho & Huo 2001 for L1, G. Nielsen 2003 ]or l
' Debnition :

| . = index ofk largest componentsf z
' Assumption :

p
NSP
!Z|k!f <!Z|l§>!f whenz! N(A),z=0

&

| Conclusion:XF.( recovers every  withX!g " K

' The result is sharp: if NSP fails thereaiseast one
failing vector x with !x!g =

- . IRISA



Interpretation of NSP

¥ Geometry in coefbcient space:
I consider an elemert of the Null Space of A
I order its entries in decreasing order

A
~—

l‘( —>
' the mass of the largest k-terms should not exceed !
of thetail! 21, ¢ < !z|l§!f

All elements of the null space must be rather ORatO

P
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Geometric picture




Greedy vs L1




ERC implies NSP

ERC()

If columns ofA,
linearly independent

P
30 — IRISA




ERC implies NSP: proc

¥ Assume ERQY sup! ATA, ! <t
+ linear independence »¢I1

¥ Considerz! N (A)

' write A[Z[: —A[cZ[c

+
' apply pseudo-inverse Z] = ! A| A ez

lz1{"1 ArA|c!1! 1é.!Z|c!1 tlz !y

P
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Greedy vs L1: summar

¥ If *MP is guaranteed to recover all vectors wit
supportl, where the atoms in | are linearly
Independent, then L1 has the same guarantee

¥ If *MP recovers all k-sparse vectors, then L1 f
the same guarantee

kemp (A) I K1(A)," A

¥ Warning: there are support sets |
I not recovered by L1, while recovered by MP
! ....butcolumns oA, are linearly dependent.
' Examplet=!1,N" whenA ismx N




Greedy vs L1: summary

Oba

SUpports

!].,N"

-

Ho=1x1g

—>
Q‘Jﬁrl(wr.[iy y Spar | )
aranteed L1 recc At least oneffaili ort
guaranteead L1 recover ﬂggwpi

33 = TRISA
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Greedy vs L1: summary

Oba

Supports

I1,N"

*  Recovable supports
are 10i'nested ERQ] /
X w

Ho=1x1g

—>
Q‘Jﬁrl(wr.[iy y Spar | )
aranteed L1 recc At least oneffaili ort
guaranteead L1 recover ﬂggwpi

33 »lRISA

NOrts




Greedy vs L1: summary

Oba

Supports

I1,N"

Recovékrable supports
are nested ERQ] /
X *

kv (A), A Ho=Ix!,

—_——
Sufbciently soarse, |, "
p e k At leastoneffailipg.support
guaranteed L1 recover| _—
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Critical sparsity levels fc
different Lp norms

Back to empirical observations + extrapolation :
P(X™ = Xo)

. = arg min !zl
:/.IO gAx A Xo P

i) kia(A) Ko(A)

Do we always haveg (A) ! ky,(A) ! ko(A),




Lp better than L1 (1)

¥ Theorem 2 [G.Nielsen 2043
' Assumption 1sub-additivity  of sparsity measurefg

f(a+b <f(a)+f(b),Va,t
f(t)

I Assumption 2:the function!"" ==  m©®on-increasin
umpti uncti 0 i ing '\

' Conclusion: kg(A) ! ki (A),"A

Minimizind‘X Hf can recover vectors which are less sparse
than required for guaranteed success when minjkijzing




Lp better than L1 (2)

¥ Example
' sparsity measuresf (t) = tP, g(t) = t9,0! p! q! 1

| sub-additivity

a+ bP < |a + |b’,Va,b,0< p<1

f(t)

' function —= = tP~9 is non-increasing
g(t)

I therefore

kL (A) < kg(A) < Ey(A) < ko(A), VA

a7 . IRISA



Lp better than L1: proo

¥ 1) Sincd/g non-decreasing:
Z1 >72> >0
¥ 2) Similarly

f (Zl) | f (22)
0(z1)  9(z2)

levlle _ llzenn

ooy QO <
! N Hzl:ng HZk+1: N Hg

Ly =1:k
= k+1:N

¥ 3) Conclusion : if NSB(t,K then NSPf(t,k)




Lp better than L1 (2)

¥ At sparsity levels where L1 Is guaranteed to
OsucceedsO, all Lp p<=1 is also guaranteed 1
succeed

P (X* 2 Xo) = arg min !zl

X
:/:p A X=A Xp

Highly sparse
representations are
Independent of the
(admissible) sparsity

measure

k1(A) Ky o(A) ko(A)
39




Lp better than L1 (3)

¥ + Lp p<1 can succeed where L1 fails
' How much improvement ? Quantify,(A) 2

¥ - Lp p<1:nonconvex, has many local mimim:
| Better recovery with Lpprinciple
Challenge : actual provably goatgorlthrrfs

me surements ?

Fu(A) Kia(A): ko(A)
40



Stability and robustnes




Stability

Exactly sparse data Real data (from sourC_é separatio
fy T S AT .




Stability

¥ Exact recoveryb = Ax

| sparsity assumption! z! o " kp(A) <m
' recovery: zp(b)=

¥ Stability: relax sparsity assumption
! best k-term approximation

709 = int x—y|

I goal = stable recovery = instance optimality
Ix7(b) " x!# C aoi(X)

43 . IRISA




Instance optimality for
Lp minimization

¥ Assumption:
4 | D )

!Z|,€!gII t°!Z|,§!B when z! N(A),z=0

U J

¥ Conclusion: instance optimality for all

|lzg (D) — 2|y < C(t) aok ()p

1+t

C(t) ::21! t




Robustness

¥ Noiseless model b = Az
¥ Noisy model b= Ax+ e

I measurement noise
' modeling error
I numerical inaccuracies ...

¥ Goal: robust estimation

!,CE!p(b) "gl# Cle! + C' (x)

¥ Tool: restricted isometry property

45



Restricted Isometry Propert

nel, !l <Kk

¥ Debnition /&\
LA | 1INl

N columns max over [I Alsubsets
N!

k(N — k)!

i - LT
¥ Computation ? = e

' naively: combinatorial
' open question NP ? NP-complete ?




RIP, stabllity, robustness

[Candss 2008] t:= 21/@" 1)

¥ Li1-recovery ofk-sparse vectorgpbust to noise
whenb = Ax+ n lok(A) < V2 —1=~0.414

! Foucart-Lai 2008p with p<1, and! 2 (A) < 0.4531
! Chartrand 2007, Saab &Yilmaz 2@@8er RIP condition for p<1

I G., Figueras & Vandergheynst:2006stness witlH-norms
47 . IRISA




How sharp Is the RIP
condition ?

¥ The Null Space Property for Lp
' OalgebraicO + sharp property, only depend$\NofdA )
' invariant by linear transformsA — BA

¥ The RIP,!) condition is OmetricO ... and not invariar

' even with OrescaledO RIP

—> BA




When does !'a:(A) <! Implyk! kp(A) ?
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Candes 2008




When does !'a:(A) <! Implyk! kp(A) ?

11

Candes 2008 Foucart &ELai 200;8

0.414 0.4531

49




When does !'2x(A) <! Implyk! k(A) ?

9
11

G. Nielsen 2003

O 0.41<4 0.4531 1

o
49 . IRISA




When does !2x(A) <!

9
11

G. Nielsen 2003

Implyk !

kp(A) 72

C 0.41¢ 0.4531

49
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When does !'2x(A) <! Implyk! k(A) ?

9
11

G. Nielsen 2003

when 2k > N-d

O 0.414 0.4531  0.707
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When does !'2x(A) <! Implyk! k(A) ?

9
11

8 : EXplicit construction
B\ Successful dictionari
+ failing dictionarie

. (d=N-1)
Fﬂrﬂﬁ'ﬁiﬁs

-
G.Nielsen 2003 Xaa —'d

when 2kl> N-d

O 0.414 0.4531  0.707

49 . IRISA




Summary

¥ Recovery conditions based on number of
nonzero components ! o

kep (A) 1 Ke(A) 1 K (A) 1 K (A)! Ko(A),"A

¥ Warning

there often exists vectors beyond these critical
sparsity levels, which are recovered

there often exists vectors beyond these critical
sparsity levels, where the successful algorithm is nc
the one we would expect
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