Lecture 1: The Lelkevel

Reconstruction, Meshing and Sampling

Bruno Lévy

www.SIGGRAPH.org/ASIA201 1



Introduction

v, ks T
S e
S R e 2
T e P T :

e : T ———rs
g —~ -‘_\ S v,
) »:-E:-_w.-m:w_x.w~ Ay
STy _c;._,.wm-“;.._-ajg::_.‘i
e T v e
X == y’l,-‘cmm"‘-s»t’vrf* o

T

Output of the scanner

(after merging)

4

& s onlt
ssannd B g -

:;.lbi.:’.:.\‘:..\o-j "{h

 aan B 8 M oa 'hl-"hll'b.

At
M;

- . »,
2
%! -
e D ‘. " £y
HEL R m Pt Sttty 1 e’ Lao V¥
Lor Amrgans Eomeciteneondss
- T m o aiiaedmaspenns' P Pipe
o pn3E” 4 884 iettvanmy s ot o
e e 11 Oyl TN e
LT %

na
YY) Lt H
ne o e v s 2
}‘; ::' e 75 {{{{‘.\.‘Wx{e{{.}}} ol .
A o = q-"‘“"" AT A
O L s e A
":‘“'"" ) A L))

3 s . tad

www.SIGGRAPH.org/ASIA201 1
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iImprove the mesh

Q2: how to
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Overview @) SIGGRAPHASIA

* 1. ReconstructionHow to connect the points
— Voronoiand Delaunay
— The crust

« 2. Remeshing How to improve the mesh

— CentroidaVoronoiTesselation
— Restricted CVT
— LpCVT
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Ove rVieW @) SIGGRAPHASIA

1. Reconstruction

Not covered here:

Volumetric methods, model repair
See “Polygon Mesh Processing”, Chapter 8

2. Remeshing
More on this Chapter 6

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011



1. Reconstruction & SiSGRAPHASIA

How to connect the points ?
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1. Reconstruction & SiSGRAPHASIA

How to connect the points ?
Intuitively: based on proximity
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1. Reconstruction & SiSGRAPHASIA

Capturing all the “proximities” in a set of points
Voronoi diagram

X =(Xy, X, ..., X)) set of points
X = (6, Y) onef the points

oy scusaen (= [ @ www.SIGGRAPH.org/ASIA201 1



1. Reconstruction & S!GerAPHASKA

Capturing all the “proximities” in a set of points
Voronol diagram

X =(Xy, X5, ..., X,)  Set of points
X = (6, Y) one of the points

Vor(i) = X/ dx)< dX.x) }V |
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1. Reconstruction & S!SGRAPHASA

Capturing all the “proximities” in a set of points

Voronol diagram

X =(Xy, X5, ..., X,)  Set of points
X = (6, Y) one of the points

Vor(i) = X/ dx)< dX.x) }V |

Euclidean distance
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1. Reconstruction & SiSGRAPHASIA

Voronoi diagram
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1. Reconstruction & SiSGRAPHASIA

Voronoi diagram of two points

- i:y («3 @ www.SIGGRAPH.org/ASIA2011



1. Reconstruction & SIGeRAPHASA

Voronoi diagram of two point

soomsmscusanien (=) [ @ www.SIGGRAPH.org/ASIAZ011



1. Reconstruction & SIGeRAPHASA

Voronoi diagram of two point

Vork,):
dxx) < dx.x))

%)
X1
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1. Reconstruction & SIGeRAPHASA

Voronoi diagram of two point

Vork,):
dxxp) < dX.x,)

@
Xo
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1. Reconstruction & SIGeRAPHASA

Voronoi diagram of two point

Bisector:

dixxy) = dk.x))
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1. Reconstruction & SIGeRAPHASA

Voronoi diagram of two point

Bisector:

dixxy) = dk.x))
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1. Reconstruction & SiSGRAPHASIA

Voronoi diagram of three points

X1
@
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1. Reconstruction & S!SGRAPHASA

Voronoi diagram of three points

X1
@
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1. Reconstruction & S!SGRAPHASA

Voronoi diagram of three points
dix,x;) = o, X))

\Y .
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1. Reconstruction & S!SGRAPHASA

Voronoi diagram of three points

X, dxxy) = dk.x3)
«—
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1. Reconstruction & S!SGRAPHASA

Voronoi diagram of three points

X1
@

dix.xp) = dk.x3)

ooty scusccven (=) [ @ www.SIGGRAPH.org/ASIA2011
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1. Reconstruction & S!SGRAPHASA

Voronoi diagram of three points

d,xy) = dp,x,) = d,Xs)

- )@ www.SIGGRAPH.org/ASIA2011
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1. Reconstruction & SISGRAPHASA

Voronoi diagram of three points

X1

pis thecircumcentef the triangle &.,x,)
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1. Reconstruction & SiSGRAPHASIA

Voronadiagram
of N points
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1. Reconstruction & S!SGRAPHASA

Voronadiagram Delaunay triangulat

Cell

s scusocmsen =) [ @ www.SIGGRAPH.org/ASIA2011



1. Reconstruction & S!SGRAPHASA

Voronadiagram Delaunay triangulat

Cell
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1. Reconstruction & S!SGRAPHASA

Voronadiagram Delaunay triangulat

Cell (&
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1. Reconstruction & S!SGRAPHASA

Voronadiagram Delaunay triangulat

Cell o Vertex
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1. Reconstruction & S!SGRAPHASA

Voronadiagram Delaunay triangulat

Vertex
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1. Reconstruction & S!SGRAPHASA

Voronadiagram Delaunay triangulat

o) Vertex
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1. Reconstruction & SiSGRAPHASIA

Voronadiagram Delaunay triangulat

Vertex
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1. Reconstruction & SiSGRAPHASIA

Voronadiagram Delaunay triangulat

Cell o Vertex

Vertex Cell
(triangle)
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1. Reconstruction & Si¢rA7AsA

Voronadiagram Delaunay triangulat

~Vertex

Cell
(triangle)

Duality
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1. Reconstruction & S!SGRAPHASA




1. Reconstruction & SiSGRAPHASIA

Vorob.omllagram Delaunay triangulati




1. Reconstruction & SiSGRAPHASIA

Voronadiagram Delaunay triangulat
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1. Reconstruction & SiSGRAPHASIA

Voronadiagram Delaunay triangulati

Insert theVoronoivertices (red) into the triangulation
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1. Reconstruction & SiSGRAPHASIA
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1. Reconstruction & SiSGRAPHASIA

A problem:in 3D the set oVoronoivertices does not converge to the medial axis

‘ < Slivers (“Flat” tetrahedra)

s scusccen (=) [ @ www.SIGGRAPH.org/ASIA201 1



1. Reconstruction & SiSGRAPHASIA

A problem:in 3D the set oVoronoivertices does not converge to the medial axis

‘ < Slivers (“Flat” tetrahedra)
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Circumcentekan be anywhere ...
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1. Reconstruction & SISGRAPHASA

Solution:the set ofpoles(subset ofVoronoivertices) converge to the medial axis !
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1. Reconstruction & SISGRAPHASA

Solution:the set ofpoles(subset ofVoronoivertices) converge to the medial axis !

i+ Pole of’sVoronoi cell = furthestVoronoivertex
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1. Reconstruction & S!GerAPHASKA

Solution:the set ofpoles(subset ofVoronoivertices) converge to the medial axis !

n+ Pole of’sVoronoi cell = furthestVoronoivertex
n- Pole = furthes¥oronoivertex in opposite direction

s scuscen (=) /) @ www.SIGGRAPH.org/ASIA2011



1. Reconstruction & SiSGRAPHASIA

The “crust” [Amentaet.al 98]

1)Compute Del(X) N\
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1. Reconstruction & SISGRAFHASIA

The “crust” [Amentaet.al 98]

1)Compute Del(X) S
2)Compute the poles

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011



1. Reconstruction & SiSGRAPHASIA

1)Compute Del(X)
2)Compute the poles
3)Compute Del(X U {poles})y

“’\\é\ ln

=0 Aw&;ﬁd
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1. Reconstruction & SISGRAFHASIA

The “crust” [Amentaet.al 98]

1)Compute Del(X)
2)Compute the poles
3)Compute Del(X U {poles})
4)Extract the triangles

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011



1. Reconstruction & SirArASA

The “crust” [Amentaet.al 98]

1)Compute Del(X)
2)Compute the poles
3)Compute Del(X U {poles})
4)Extract the triangles

See also the “co-cone” method [Amenta Bern,Deyj

srmmsiyscuscmen (=) @ www.SIGGRAPH.org/ASIA201 1



1. Reconstruction € siserarrasi

Validity of “co-cone” and “crust”: if X is an e-sampling of S, with< 0.1

For all pointp of S, there is a pointin X
T~ nearer to p thare Ifs(p)

Ifs(p) = dp, medial axis)

v

\

Sorsemsmyscusooven (%) [ J) @ www.SIGGRAPH.org/ASIA2011



1. Reconstruction € siserarrasi

Validity of “co-cone” and “crust”: if X is an e-sampling of S, with< 0.1

Sampling density proportional to lf$

Ifs measureand thickness

Sorsemsmyscusooven (%) [ J) @ www.SIGGRAPH.org/ASIA2011



1. Reconstruction € siserarrasi

Validity of “co-cone” and “crust”: if X is an e-sampling of S, with< 0.1

Sampling density proportional to lf$

Ifs measurescurvature and

d

\
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1. Reconstruction @ s!GGRrAPHASIA
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The “Crust” [Amenta Bern,KamvysseliS8]
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1. Reconstruction & siGerAPHASA

Further reading:

*The “co-cone” family of methods
(See NingAmentg TamalDey’s website)

*The “eigencrust [Kolluriand Shewchuk
*Boissonnatand Yvine¢ Computational Geometry

*Polygon Mesh Processing

www.SIGGRAPH.org/ASIA2011



2.Remeshing @ s'serar

=)
s (g%
T

=

”
<

A,
VAN

y‘VA ‘H
B e
RS /K
S
RSO
ST
N

(R8-meshing [Du et.al], [Alliez et.al SIGGRAPH], [Yan et.&8iGP]

Soonsored by ACM SIGGRAPH \: () @

www.SIGGRAPH.org/ASIA2011



2.Remeshing @) SIGGRAPHASIA

... and more

X4t o
b * b + 5 ¢  Deformations- Elastons sampling
*X *x oy [Martin et.al, SIGGRAPH2010]

Material Material Elastons New elastons Elaston

points connectivity  Lloyd clustering  inserted connectivity

B &) Q @ www.SIGGRAPH.org/ASIA201 1



Material
points

2.Remeshing @ sicGr

... and more

X| t L
IR

SR

Material Elastons New elastons Elaston
connectivity  Lloyd clustering  inserted connectivity

Deformations— Elastons sampling
[Martin et.al, SIGGRAPH2010]

Fluids- Free surface sampling
[Bridson et.al, SIGGRAPH2010]
[Wotjan et.al, SIGGRAPH2010]

www.SIGGRAPH.org/ASIA2011
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Colorquantization
[Leung et.al, GPU Pro, AK Peters, 2010]
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2. Remeshlng @) SIGGRAPHASIA

O
= (1,g,bi) Colormap entry
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2 RemeSh|ng C Si[ele] ASIA

O
= (#,gi,bi) Colormap entry

Vor(i) = &/ d(x,xi) < d&,xj) }V i#]j
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What is the optimal colormap ?

A «bad» colormapentry / Voronoicell
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What is the optimal colormap ?

Why bad ? Because Vri)(contains

.: a color poorly approximated
by the colormap entryi ()

A «bad» colormapentry / Voronoicell
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What is the optimal colormap ?
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What is the optimal colormap ?

Vor(i)

s scusocmsen =) [ @ www.SIGGRAPH.org/ASIA201 1



What is the optimal colormap ?

Vor(i)

s scusocmsen =) [ @ www.SIGGRAPH.org/ASIA201 1



What is the optimal colormap ?

Vor(i)

s scusocmsen =) [ @ www.SIGGRAPH.org/ASIA201 1



2 RemeSh|ng | ( SIGGI

What is the optimal colormap ?

Minimize

Vor(i)

www.SIGGRAPH.org/ASIA201 1



2. Remeshmg ¢) SIGGRAPHASIA

The classical method:
Lloyd’s algorithm = gradient descent

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011
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2. Remeshmg @) SIGGRAF

The classical method:
Lloyd’s algorithm = gradient descent

VE|xi = 2mi(Xi - gi) [Iri et.al], [Du et.al]

/

Volume of Vor(i) Centroid of Vor(i)

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011



2.Remeshing @ seerass

The classical method:
Lloyd’s algorithm = gradient descent

Xi = X VF|xi = 2mi(Xi-gi) [Iri et.al], [Du et.al]

Vor(i)

Volume of Vor(i)  Centroid of Vor(i)

If xi coincideswith the centroid of Vor(i),we got a stationarypoint of F
(therefore a «goodsampling»)

srmmsiyscuscmen (=) @ www.SIGGRAPH.org/ASIA201 1



2. Remeshlng @) SIGGRAF

The classical method:
Lloyd’s algorithm = gradient descent

Xi = X VF|xi = 2mi(Xi-gi) [Iri et.al], [Du et.al]

Vor(i)

Volume of Vor(i)  Centroid of Vor(i)

If xi coincideswith the centroid of Vor(i),we got a stationarypoint of F
(thereforea «goodsampling») s Vor(X): CentroidalVoronoi Tesselation

srmmsiyscuscmen (=) @ www.SIGGRAPH.org/ASIA201 1



2.Remeshing @) SIGGRAPHASIA

Disclaimer

Thispresentationscontainslive demos
Crashesnayoccur
Thepresenterassumes ndability.

B & ‘;) @ www.SIGGRAPH.org/ASIA201 1
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2.Remeshing P, SIGGRAPHASIA

Lloyd’s Relaxation:

(Geometricpoint of view)
Loop
Move thex;'sto the g's
Retriangulate
Endloop

+ Provably decreases F  [Du et.al]
+ Reasonably easy to implement
- Slow (linear) convergence

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011
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Theorem Fis C almosteverywhere

[Liu, Wangl, Sun, Yan, Lu and Yang 09]
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2.Remeshing @) SIGGRAPHASIA

Theorem Fis C almosteverywhere

[Liu, Wangl, Sun, Yan, Lu and Yang 09]

What's the point ?
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2.Remeshing @) SIGGRAPHASIA

Theorem Fis C almosteverywhere

[Liu, Wangl, Sun, Yan, Lu and Yang 09]

What's the point ?

*Faster CVT algorithm (Newton)
*More general (quads)

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011



2.Remeshing @) SIGGRAPHASIA

CVT in 2D

B & ‘;) @ www.SIGGRAPH.org/ASIA201 1
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2.Remeshing @) SIGGRAPHASIA

CVT in 2D

CVT on surfaces

ConstrainedCVD [Qiang Du et.al 1999]
[Yan,, Liu, Sun anWWang SGP 2009]

2 & 55 @ www.SIGGRAPH.org/ASIA201 1
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2.Remeshing @ SIGGRAPHASIA

.—/" >

CVT in 2D

CVT on surfaces

CVT In volumes

[Yan, WangL, Liu]

2 O 3; @ www.SIGGRAPH.org/ASIA201 1
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2.Remeshing @) SIGGRAPHASIA

Validity of RestricteoronoiDiagram / Restricted Delaunay Triangulation

Theorem: [Edelsbrunne& Shah 1997]

TopologicaBallProperty if eachface of theRestricted
VoronoiDiagramis homeomorphido a discthenthe
RestrictedDelaunay Triangulatiols homeomorphido the
surface S

www.SIGGRAPH.org/ASIA2011
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/Theorem: [Edelsbrunnek& Shah 199J \
TopologicaBallProperty if eachk-faceof the Restricted
VoronoiDiagrams homeomorphicdo a discthenthe

2.Remeshing @) SIGGRAPHASIA

Validity of Restricte®/oronoiDiagram / Restricted Delaunay Triangulation

RestrictedDelaunay Triangulatiols homeomorphido the

-

surface S
< I /
\
Theorem:[Amenta& Bern 1999]
If X Is are-sampling of S, with< 0.1, then the Restricted
Delaunay triangulation isomeomorphido the surface S
/

sorsnainscusccssen (=) @ www.SIGGRAPH.org/ASIA2011
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2.Remeshing @ siserariasi

“take home” message

Def 1: CViswhat you obtain when movingthe points to the
centroidsof their Voronoicells

Tells you “how to compute it”

)

smsricusecmes =) 79 @) www. SIGGRAPH.org/ASIA2011



2.Remeshing @) SIGGRAPHASIA

“take home” message

Def 1: CViswhat you obtain when movingthe points to the
centroidsof their Voronoicells

Tells you “how to compute it”

Def 2: CViswhat you obtain by minimizingthe quantization

noise power
=2 I
i

Vor(i)

2

Tells you “what it is” |

st scusacsen (= 7 @ www.SIGGRAPH.org/ASIA201 1
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2.Remeshing @) SIGGRAPHASIA

“take home” message

Def 1: CViswhat you obtain when movingthe points to the
centroidsof their Voronoicells

Tells you “how to compute it”

Def 2: CViswhat you obtain by minimizingthe quantization

noise power
=2 I
i

Vor(i)

2

" o *Faster solution mechanism
Tells you “what it is” | .Generalizations

st scusacsen (= 7 @ www.SIGGRAPH.org/ASIA201 1
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2.
3.
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2.Remeshing

( SIGGR ASIA

Motivations—Wny Hexes

TetMeshing

Fully Automated

Hex Meshing

1.

Millions of elements in minutes/seconds 2.

Adequate for some analysis
Inaccurate for other Analysis

3.

Partially Automated, some Manual
Millions of elements in
days/weeks/months

Preferred by some analysts for solution
guality

www.SIGGRAPH.org/ASIA2011
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2.Remeshing @) SIGGRAPHASIA

2
dx

Standard CVT: F= ZJ.H (% —X)
i

Vor(i)

O
O

Sponsored by ACM SIGGRAPH —\\/ (

www.SIGGRAPH.org/ASIA2011



2.Remeshing @) SIGGRAPHASIA

Standard CVT: F= ZJ.H (% —X)
i

Vor(i)

MG (%= x) ||

LpCVT: F= ZJ-

[Land Liu 2010] Vor(i)

oy scusaen (= [ @ www.SIGGRAPH.org/ASIA201 1



2.Remeshing @) SIGGRAPHASIA

M) (X —X)

LpCVT: F= ZI: J-

Vor(i)

p
dx
p

Anisotropy, encodes desired orientation
Riemannian metriG =Mt M

B &) Q @ www.SIGGRAPH.org/ASIA201 1



2.Remeshing @) SIGGRAPHASIA

M) (X —X)

LpCVT: F= ZI: J-

Vor(i)

p
dx
p

Lp norm: || X ||p =\/ [X|P+ |y| P+ |z|P

B &) Q @ www.SIGGRAPH.org/ASIA201 1



2.Remeshing @) SIGGRAPHASIA

M) (X —X)

LpCVT: F= ZI: J-

Vor(i)

p
dx
p

P .
Lpnorm: || x || , :\/|x|p+ ly| P+ |z|P
If piseven || x| P - R+ P+ P
p

B &) Q @ www.SIGGRAPH.org/ASIA201 1



2.Remeshing @) SIGGRAPHASIA

M) (X —X)

LpCVT: F= ZI: J-

Vor(i)

p
dx
p

Optimization with LBEGS (gqualsiewton)

For each iterateX(k);
Compute B{) andVFXk)

oy scusaen (= [ @ www.SIGGRAPH.org/ASIA201 1



2.Remeshing gl

1 ‘.
PER

ZN\/\

AV /N

M(x) = ppal dir.
of curvature.
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2.Remeshing @ siccraPHASA

i

=

p =2
M(X) = Normal
anisotropy.

Featuresensitive meshing

B \‘7 (D @ www.SIGGRAPH.org/ASIA201 1



2.Remeshing

p =2
M(X) = Normal
anisotropy.

CSGERemeshing

Featuresensitive meshing

O
O

www.SIGGRAPH.org/ASIA201 1
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2.Remeshing @) SIGGRAPHASIA

p =8
M(x) = ppal dir.
of curvature.
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