Course on

High Dimensional

Signal Analysis
Peyresq 2014

L Stéphane Mallat

Ecole Normale Supérieure
www.di.ens.fr/data/scattering

Monday, June 23, 14


http://www.di.ens.fr/data/scattering
http://www.di.ens.fr/data/scattering

) --3",v " Deluge de Signaux ey
I ? s

Linked([[] Manps 2070 0 e
ks ;. . Seismic data
.o . ’ , . ..:‘
. > " >, o
oy i .,.“u'g'ﬁ":' > 3
" . ':]' ‘.' o.
7@ ..'b'.
Satellite images
Données Internet Medical data

e Comment analyser automatiquement ces informations 7
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Weg -
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e High-dimensional signals = = (z(1), ..., z(d)):

d=10°

d = 10%/s d = 10*/hour
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o Supervised learning: learn a function f(x) (class label)

given n sample values {x; , y; = f(x;) }i<n
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Different Class of Problems

e Unsupervised problems: we know examples {z;}; and

want to estimate a probability density p(z) or clusters.

e Supervised problems: we know examples {x;}; and

their values f(x;) and want to estimate f(x) for all z € Q.

Different Level of Complexity:

e Low dimensional problems: dim({2) is small.
d
e High-dimensional but separable: f(@) = 1lk—1 fr(wi.x)

with 1D functions fx(u) for u € R =-indépendant components.

e High-dimensional (2 with many interactions: OUR PROBLEM.
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Long range interactions: L P

each body interacts .: SRR
with the d others . :. .
o®*

Interaction energy f(x) of a system x = {positions, Values}

Astronomy Masses Quantum Chemistry Charges
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e Recherche des lois de la physique: syntheses d’observations.

Intelligences exceptionnelles: Newton, Maxwell, Einstein...

e Vraiment 7 A
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Electric Eel Blackghost Knifefish
500V 1mV

Un poisson peut résoudre les équations de 1’électromagnétique

bien mieux que nous.

e On peut apprendre directement a partir des données,

mais il en faut beaucoup, beaucoup...
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de Données Massives

aire motrice

aire sensorielle

\

lobe frontal

)/,

aire visuelle
primaire

aire visuelle
d'association

aire de Broca
(dans I'hémisphére gauche)

aire auditive

primaire aire auditive d’association

(incluant l'aire de Wemicke
dans I'hémispheére gauche)

e Comment et quoi apprendre 7

e Pourquoi faut il beaucoup de données et de mémoire 7
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Overview

e - Curse of Dimensionality and Kernel Classifiers
- Support vector machines
- Kernels and metrics

e II- Deep Neural Networks and Wavelet Scattering Transforms
- Geometric 1nvariants
- Iterated wavelet transforms
- Image and audio classification, and physics learning
- Stationary Processes: beyond Gaussian processes

e III- Unsupervised Kerenel Learning with Deep Neural Networks
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Nearest Neighbor Approximations .,

e f(x) can be approximated from examples {z;, f(x;)}; by

local interpolation if f is regular and there are close examples:
Regression: f(z) =Y., a; K(z, x;)

Classification binaire: f(:v) — Sign( > .o K(z, %))
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Probléeme des plus proche voisins: ils sont trés loin

en grande dimension.

- il faut 10 points pour couvrir [0, 1] & intervalles 10!

0 1

O O0OO0OO0OO0OO0OO0OO0OO0OO0o

<
ek

- il en faut 100 pour [0, 1]
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- il en faut 10¢ pour [0,1]?¢ : impossible si d > 100

101%0: plus que le nombre d’atomes dans 'univers.

= on ne peut apprendre que des choses assez simples
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e Considerable variability in each class.

e Euclidean distances are meaningless
e Need to find discriminative invariants.
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Signal Representation

e Signals x belong to subsets 2 of R

e No dimensionality curse when (2 is low-dimensional

* - |21 — x2]| is a good local measure of similarity

Finding () is a signal representation issue:

manifold learning or sparse dictionary representatio

e For complex signals, {2 is most often high-dimensional:
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"‘L .. Low-Dimensional Data o

 Face variations < Rigid motions * Lips motion
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li-?t',.v . High-Dimensional Data -

Beaver  Electro-Cardiograms ~ Turbulences

FETUSES: Healthy Subject with Normal FHR
180 T T T T T T
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80r

60 115 120 125 130 135 140
Time (min)

Audio Recordings

e Need to eliminate irrelevant variability: compute invariants.
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. Linear and Kernel Classifiers

e Classifications can be reduced to multiple binary classification
Sign(f(x)) = x1

Representation

Training samples: {(x;,y;)}i
Supervised linear classification

Rd
L —> (I)

R

— ®x = {¢n(Z) fn<ar —

Hyperplance separation between pairs of classes:

f(@) = (Pz,w) +b= ) wnn(x)+b

d > d

7
(Px,w) +b >

0 — class

e (1) How to optimize (w,b) to minimize ”errors” ?
SVM: f(x) depends on kernel values K (x,x;) =

(@(z), (7).

e (2) How to define ® to get linear discriminative invariants 7
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How to choose the Hyperplane

Given training data (x;,vy;) fori =1... N, with
x; € R? and y; € {—1,1}, learn a classifier f(x)
such that

>0 y=+1
<0 y;, = —1

£(x,) {

i.e. y;f(x;) > 0 for a correct classification.

Linear decision boundary.  Non-linear decision boundary.

A A
°* o ad T ALl
LIPS A A, 0o ® A
° ® o
o.. o A AAA 4 .“o‘o. AA
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Given training data (x;,vy;) fori =1... N, with
x; € R? and y; € {—1,1}, learn a classifier f(x)
such that

>0 y;
<0 Yi;

+1
—1

£(x,) {

i.e. y;f(x;) > 0 for a correct classification.

e o
e ©Oo A A
e o A A,
0.0. A AAA 4
¢ o ® AAAA
A AA
A

* maximum margin solution: most stable under perturbations of the inputs
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linearly separable data 4

®
@ wix+b=0
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linearly separable data 4
O ; 2

wix+b=1 "

wix+b=0

wix+b=-1 H ®
®

e I'ind w with a convex quadratic optimization:

min,, ||w||® subject to Vi y;(wtz; +b) > 1

Solution : f(x) = Z o y; (i) + b
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e for 0 < £ < IIL point is between

o for £ > IITlll point is misclassified

@
£ >0 2
Misclassified @
point

w|
margin and correct side of hyper-

plane. This is a margin violation

Support Vector@"”
®
®
0". .
wix+bhb=1"
wix+b=0 ¢
- ®
wix+b =-1
®

) + O3 &

miny,¢, [|w][*+C)_,; &

subject to Vi y;(wx; +b) > 1 —¢;
Solution : f(x) = Z o y; (i) + b
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_Kernel Support Vector Machine _,

flz) =w'z +b= Z%‘ y; (xiz) + 0.

(/
e Replacing x by its representation ®(x):

f(x) = +b_zazyz( 1)@ (x)) + b,

e Kernel trick: K(x;,x) = ®(x;)'®(x) similarity measure

Zaz yi K xza ‘|‘b

Non-linear demsmn boundary.

e How to choose ®(x) or equivalently K(x,x’) (Mercer thm.)
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)73

.-
L F. _ Mercer Theorem g

A kernel is symmetric if K(z,2") = K(z', x) and positive if

Vei €R Va; € R . Y N K(wg,25)cicj >0
]

Theorem If K (x,z") is continuous, symmetric, positive then

there exists ® from R? to a Hilbert space H such that

K(z,2') = ®(z)'®(2') = (®(x), ("))

Example: Gaussian kernel K (x,” x) = exp <_||$_x/||2>

2072
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Increase Dimensionality

Proposition: There exists a hyperplane separating
any two subsets of N points {®x;}; in dimension d’ > N + 1
if {®x;}; are not in an affine subspace of dimension < N.

= Choose ® increasing dimensionality !

Problem: generalisation.

Example: Gaussian kernel K (x',x) = exp (_”"’7_90/”2)

2072
K(x',x) = (®(2'), ®(x)) where ®x € H inifinite dimensional.

If o is small, nearest neighbor classifier type:
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Weg -

e We want to learn f(z) with x € 2 and dim({2) = d very big

_High-Dimensional Curse

from n examples {z;, f(z;)}i<n

e Curse of dimensionality: if n < 2¢ then for ”most” x:

min; ||z — x;|| is large
= f(z) can not be computed with a local interpolation

Beaver Water Lily
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e Ridge function approximations: b (x)

— {,0(<’w, x>}w

p(t) = e, max(t,0), argtan(t) , ¥(t), ...

X

Linear O (z) Linear
Wi g pE Wy
= -
M

Theorem: For "resonnable” bounded p(u)

If f e C*[0,1]¢ then ||f —

full < CM—/4
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k. Deep Neural Neworks

..g—.- .

e The revival of an old idea (G. Hinton, Y. LeCun)

Hierarchical Invariance

v

Similar to Wavelets

Linéaire Non Linéaire No _
T linéaire linéa%re CI)(CC) B {¢n (CE)}n
H Wi g B W.H E -
- m VN m P E — : n
i=_SE= N R LT
u H B - E 1 Classification
d == 1 B =

Gradient descent learning of the Wj: more than 10” parameters

ImageNet (10° images and 10° classes): 17% error

Images, speech, bio-data: FaceBook, IBM, Google, Microsott, Yahoo...
Why does it work 7
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"‘;V .Neurophysiologie de la Perception=z

Hubel, Wiesel

Cellules simples modélisées par
des ondelettes

Vision

vV V V Audit%?;%%(#ez
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Wee

N Iterated Contractions
e "

e Reduce the space volume with iterated contractions

SGr=pW,...0WopWix

- Wy preserve distances: ||Wix — Wia!|| = ||z — /|
- p 1s a contraction

e [terative space contraction: reduce intra-class variability
but avoid reducing class distances: margin condition.

Wi

e How to choose the Wy 7
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N Volume Reduction

-E-.- e

e Contract () with an operator ® such that:
-V e |, min; |[|P(x) — P(x;)| is small
- f(x) is regular relatively to d(x,z’) = ||[®(x) — ®(2)|]

Vo, o' |f(x) — f(2')] < Of|@(z) — ()|

Regression
margin condition: ||[®(z) — ®(z')|| > CH f(x) — f(z")]

then f(x) can be locally interpolated:

D (z)—D(x;)]2

n
f(x) ~ Z e 207
i=1
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-

\ ¥ Volume Reduction e

e Contract () with an operator ® such that:
-V e |, min; |[|P(x) — P(x;)| is small
- f(x) is regular relatively to d(x,z’) = ||[®(x) — ®(2)|]

Vo, o' |f(x) — f(2')] < Of|@(z) — ()|

Classification
margin condition: |®(x) — ®(2")[| > C—if f(x) # f(a)

then f(x) can be locally estimated:

[®(z)—®(x;) |2 )

f(z) =~ Sign( Z o e 202
i=1
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|i--3";v ._lI- Translations and Deformations .-z

e Patterns are translated and deformed

R Y4 aqgyd ¥ gy
B &4 45§58 5 s & ¢ Invariance to Translations

2 9% 7271777 7 T'wodimensional group: R?
I E5¢4 B3E8& S

Deformations are actions of diffeomorphisms: infinite group.

Each digit is invariant to a specific set of small deformations

e Textures are stationary (translation invariant) processes

with deformations
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Translation and Deformations

3 Translation orbits

.

4

~

P
ad
1 F—
e ' 4

v)\ /\/‘\/\[\A

A Deformation orbits
(high dimensional)

Supervised learning:

Y Linearizes’’ deformations

¢/ 1 g (th)—dimensional) ] 4 é:b /

O,

Invariant to translations Py
nearly invariant

. .« to deformations
Discriminant
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Stable Translation Invariants

e Invariance to translations x.(t) = x(t — ¢)

Vce R , ®(x.) =P(x) .

0 (| 2%@ = sl Foupce e
Not stable

>
0 . W
(pie) < ()]l > sup|' (1) o]
Fourier invariants
0 W are not stable either.

e Lipschitz stable to diffeomorphisms z,(t) = x(t — 7(t))

small deformations of x = small modifications of ®(x)

v @) = @) < Csup [Vr@)] fl]]

~—

l

diffeomorphism metric
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Fourier Translation Invariance_.

e Fourier transform #(w) = [ z(t) e~ " dt invariance:
if x.(t) = z(t — ¢) then |z .(w)| = |Z(w)

e Instabilites to small deformations z,(t) = x(t — 7(t)) :

|z, (w)| —| Z(w)|]| is big at high frequencies

Example: If 7(t) = et then z.(t) = x((1 — €)t)
= Tr(w)=1-¢  T((1-¢"

w)
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- _Scale Separation with Wavelets _ .

o Complex wavelet: 1 (t) = ¥ (t) + i ¢°(t)
e Dilated: )(t) =277 ¢(277¢) with A =277 .

A

P(w))? Dr(@)® |gha ()]

T * O(t) ., averaging
Wax = . .
T x Yx(t) #7— high frequencies

Unitary: [[Wz|* = [|=[* .
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Scale and Direction Separation in

o Complex wavelet: ©(t) = ¥%(t) +i¢°(t) , t = (t1,t2)
rotated and dilated: ¥x(t) =277 (277 rgt) with \ = (27,0)

real parts imaginary parts

e Wayvelet transtform: Wi = ( z * ¢

Unitary: ||I/V5’7||2 — ||xH2 '
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Functions in L2(R%): ||z]]* = [ |z(t)]* dt < oo

Proposition: (Littlewood-Paley)

The wavelet transform is a tight frame for x € L?(R?)

Wzl = [z x ¢l + ) [lzxeal* = ||z
A

if and only if for almost all w.

p(w)]? + % E}\: (W/\(W)\z + |1ﬁ/\(—w)|2) =1

Monday, June 23, 14



Why Wavelets ?

e The wavelet dictionary {¥x(t — u)}, » is translation invariant.

e Wavelets are uniformly stable to deformations:

if 4y () = ¥ (t — 7(t)) then

92 = ¥asll < C sup V(1)
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Wavelet transform

T oot (e R

1
N

Unitary: [|[Wax — Wa'|| = ||z — 2/

Contraction: ||a| — |b]| < |a — b
= |[IW]z = [Wa'[|| < |lz — 27|

Preserves the norm: |||[W x| = ||z|]
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Wavelet time-frequency Time averaging on 370ms

A % A (1) A [z x ha| x o(1)

Locally invariant to translations and stable to deformations

but loss of information.
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. Recovering Lost Information

A ‘w*w)\l‘

A e S

e The high frequencies of |z x 1y, | are in wavelet coefficients:

B xx Yy, | * P(t)
W‘Zb*w)q‘ _ ( |Qj*¢)\j|*¢)\2(t) >t,>\2

e Translation invariance by time averaging the amplitude:

\V/Ala)\Qa |‘$*¢>\1‘*¢>\2|*¢(t)
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Local invariant
by translation

Wavelet transform

Wi

scale and orientation
separation
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X * @

Invariant

Wavelet Modulus

Wi
@ % 1y, (1) / % % by (t)]
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7 NIF Scattering Neuronal Network
S A W :

Invariant  x % ¢(t)
Wavelet Modulus

W
T * 1Py, (1)
Invariants .
Wa| @ Py, | * P
|2 % Py, | *x P, ()]

Invariants \ 0
Hx*wkll*QpAQ‘ *Qb
W3]
0000000000000000 Oooouuuouou 00000000

122 % x| o [+ 1hx, (1))

/A

I
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/ = * ¢
= @ w | *
Scatter 1g. Sx = SAl,AQ(x) — ||CU*¢A1\*¢A2|*¢
Saians (T) = [z x ¥, [ *a, | % hag| x ¢

Theorem: / /
|Sz — Sx'|| < ||z —x'|| et [ Sz| = |z




zi(t) = a;(t) (c* h(t)) with c(t) =Y d(t—nT) .

log(A) o x o, (0]

<1977 Hz
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. Scattering Properties

[ 75 (1)
‘CIZ * w)\l ’ * ¢(u)
Se=| b x vl * o)
Il 620 e+ |+ 60
U A1, A2,A3, ...
Iszl? = 3 > HH\x*W* I %0y, \*¢|

m= O 1

00000

Theorem: For appropriate wavelets, a scattering 1S

contractive ||Sx — Syl|| < ||z — vy

preserves norms ||Sx| = ||x|
stable to deformations x.(t) = x(t — 7(t))

|52 = Sa|| < Csup [Vr ()] ||
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. Lipschitz Stability to Deformations,

Wavelet transtorms "nearly commute” with deformations:

D x(t) =x(t — 7(1))

Commutator operator:

W,D,| =W D, —D, W

Lemma :

|[W.D] || < C sup|Vr(t)]

and || [[W], Dr| || < [[ [W, D] |

because modulus commutes with diffeomorphisms.
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Image Fourier Modulus Scattering ¢(t) =1

() Z(w)] Tk Pa [ x P [k hn, [ x s, x @
t = (t1,12) w = (w1, w2) lexbaglln Iz x| x i |
)\1 :2j1 0, )\1 — 2j1 o,

)\2 — 2j2 o,
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- Digit Classification: MNIST

Second order Scattering Sx:

x| % 0(27n) Iz x| x| x 6(27n)
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Affine Space Classification

Joan Bruna

e Fach class is represented by a random process Xy

The support of SX;. is approximated by a low-dimensional

affine space A, computed with a PCA.

k(z) = arg max [|Sz — Pa, Sz .
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. Digit Classification: MNIST

F e/ 79 b

a |\
578634 %¢
790/ &3S 6
| 20 [ § 8 9 4

Joan Bruna

)!Supervised Linear
Classifier: PCA/SVM

Classification Errors

Training size

Conv. Net. Scattering

300
5000
20000
60000

7.2% 4.4%
1.5% 1.0%
0.8% 0.67%
0.5% 0.4%

LeCun et. al.




Long range interactions: L P

each body interacts .: SRR
with the d others . :. .
o®*

Interaction energy f(x) of a system x = {positions, Values}

Astronomy Masses Quantum Chemistry Charges
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. Many Body Interactions =3
N. Poilvert

e Energy of d interacting bodies: Matthew Hirn
dk 4 :
k k' .
ZZ P— with x(u):qu5(u—pk)
1 k=1 Pk T Pk k=1

Fast multipoles: each particle interacts with O(logd) groups

(Rocklin, Greengard) @
Potential |77 = (g% ) ..@

Theorem: For any € > 0 there exists wavelets with

Z Z )\1,.. SQ (Al,,)\m)(l—FG)

m= O)\l,
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o T ——

.. Quantum Chemistry

e Energies f(z) de différentes configurations x de Hy, Hs et Hy
plongées sur une variété tri-dimensionelle:

Scattering Representation Fourier Representation

c'..( :-;.R
. .'.‘o" . ..o:a:.-.\\y
E, ]
. R
Y,
S ‘. Io’ »*
e By,
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‘ k- _Quantum Chemistry "y
- Matthew Hirn

e Complex orbital interactions: no analytical energy f(x).

e Fistimation from n = 700 nearly 2D molecules: {x;, f(x;)}i<n

e Best M dimensional approximation f; of f calculated

from scattering vectors {Sx(p) , SQ:E(p)}
p

log || f — far|l: M-dimensional scattering error

ﬁ b+ emn approximation of quantum en gybyPCAfSatt g[m2Q3]
1 1

RMSE

2 | < Minimum
[ —Slope= -0.4464 |

{ Learn physics from examples

i} _
\ijM — fll=CM 1/2-

L=z
I

Multiscale approximation:

Zoszx ) + BpS%z(p)

o
1

log of rootmean squared emor
e
o

NN
1

| f — fam|| = 22 keal /mole
— log M

—>

IS

3 ] | | 1 1
] 1 2 3 4 5 ]
Monday, June 23, 14




x(t): stationary process
Fourier Wavelet Scattering

lextures Power Spectrum
T xa [ * P |z xha [ xPa, | x @

window size = image size
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Expected Scattering Transform .

o If X (%) is a stationary process then
X %y, | *...] %y (t)] is also stationary.

Scattering : ( X xo(t)
‘X*¢>\1|*¢(t)
SX(t): “X*wkl‘*wAz‘*¢(t)
X % o, | % g [ % ¥ | * @(2)

>\17>\27>\37°“

e When ¢ — 1 with "appropriate” ergodicity conditions”
SX (t) may converge to the expected scattering transform:

/ E(X)
E(!X*%l’)
SX — E(]| X x| * ¥y, ])

E([[]X x thx, | * ¥a, [ * hxs)

)\17>\27>\37"'
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Functions in L2(R%): ||z]]* = [ |z(t)]* dt < oo

Wavelet transtorm: Wa = ( T x G(t) )
£

Proposition: (Littlewood-Paley)

The wavelet transform is a tight frame for x € L?(R?)

Wzl = [z x ¢l + ) [lzxeal* = ||z
A

if and only if for almost all w.

p(w)]? + % E}\: (W/\(W)\z + |1ﬁ/\(—w)|2) =1

Monday, June 23, 14



Stationary processes X (t) with E(

(X))
Wavelet transtorm: WX = ( )
( X xa(t) £

Proposition: (Littlewood-Paley)

The wavelet transform preserves the variance of stationary X

L(X)?+ ) K %) = E(IX])
A

if and only if for almost all w.

—Z ([0A @) + [da(~w)[?) =1
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E(

12X % D, | % s | * s | G0000600066000000000066000 mo

00000000 ““

U

e S preserves is contractive because each |Wy| are contractive
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Expected Scattering Transform .

X (t) stationary process: [ E(X)
_ E(|X * ¥, |)
SX = E(HX*¢>\1‘*¢>\2D
E(|[|X * ¥x, | * thrg | * ¥ag))
A1A2 s
2
[SXIP =B+ Y Z HI{[[E SEONEFRETON)

m=1 X\1,...,
Theorem: A scattering is

contractive ||SX — SY||* < E(|X — Y |?)

stable to stationary deformations X, (t) = X(t — 7(t))

1SX — SX,|| < C sup |VT(t)] E(\X\Z)m |
t
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Theorem For any stationary X, equivalent propositions:

() The scattering transform is mean-square consistent.

(i1) [|SX]* = E(|X[*)

(22¢) lim Z 43<\|\X*¢A1|...*¢,\m\)220

m—=00

Aeeo Ao

e Numerically always verified but not proved.




Fourier
Spectrum

log (A1) J. McDermott x5, | (1) Y

log(A1) 25 window ’33 * ?p)\lt‘ * ¢(t)

log(A2) & % ha, | * P, | * @) for Ay = 2000
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( E(X) = E{UX) \
B E(|X x¢y[) = EU1X)
SX = E([|X % x| *x¥a,]) = E(U2X)
(!\\X*@D/\Q\*%Q\*wg) = E(UsX))
' A1, A2, )3, ...

Theorem (Boltzmann) The distribution p(x) which satisfies
/ Unx p(x)de = E(U,,X)
RN

and maximizes the entropy — [ p(x) log p(z) dx

O

1
can be written: p(x) = ~ eXP ( A - Uma:>

m=1
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resentation of Audio Textures _ .

Joakim Anden Joan Bruna
o = € R? realization of a stationary process

- Gaussien model: covariance = d Fourier spectrum coefficients

- Scattering model Sz of second order: log” d coefficients

Sample X (¢) so that ||[SX — Sz| is small

Original Gaussien/Fourier  Scattering
Water
Paper
Cocktail Party
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Examples J. Bruna

original 1st+2nd order scattering
[McDermott & Simoncelli’11] K =500
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k. Classification d’ECG S
"P. Abry, J. Anden, V. Chudacek, M. Doret, R. Talmon

e Mesure du niveau de stress d’un Fetus avant accouchement

Stress Qa3
bien détecté w

FETUSES: UnHealthy Subject

. n Sain
bien détecté mal detecté

180 FETUSES: Healthy Subject with Normal FHR FETUSES: Healthy Subject with Abnormal FHR

‘ 180 ‘ ‘ ‘ 180

160; 160 MM 160}
140 : | ] 140 , , ] 140
§120— ~ | 2 120 ] 2 120

100r : 8 100+ , , 1 100-
80’ 7 807 b 80’
60— ‘ : : ; ; €0 11‘5 1é0 1é5 1é0 155 140 6 ‘
90 95 100 105 110 115 Time (min) %O 55 60 65 70 75 80
Time (min) Time (min)

Variété dans I'espace des coefficients Sx

Q
0.05 Erreur: 33% — 18%
0,0 @ o
0. . o® o
o O ©
@
~0.05-
814 Figo-TN
x FIGO-FP 0.1
o FIGO-TP 0.05
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Classification of Textures

Expected Scattering
estimated with ¢ =1

A X 1y, | % ¢ | X by, | %y, | * @

Monday, June 23, 14



Affine Space Classification

Joan Bruna

e Fach class is represented by a random process Xy

The support of SX;. is approximated by a low-dimensional

affine space A, computed with a PCA.

k(z) = arg max [|Sz — Pa, Sz .
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CUREt database

61 classes
. | g, Q.Supel.’vised Linear
Classifier: PCA/SVM
Training | Fourier Histogr. Scattering
per class | Spectr. Features
46 1% 1% 0.2 %
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Time and frequency translations and deformations:

log(w) 4

e Frequency transposition invariance is needed

for speech recognition not for locutor recognition.
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J.Anden

e Frequency transposition is a common source of variability

e Transposition < translation and deformations in log A\

e Invariance with a ”frequency scattering” along log \;

z(t)

Scattering
along t

log \q

Scattering
along log A\

Scattering along log frequency v; = log, A1:
2(71) = [z % han (1)

> Oy
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Genre Classification (GTZAN) _
J.Anden

e GTZAN: music genre classification (jazz, rock, classical, ...)
10 classes and 30 seconds tracks.

e Fach frame is classified using a Gaussian kernel SVM.

1"= 370 ms
Feature Set Error (%)
A-MFCC (32 ms) 19.3
Time Scat., m = 1 17.9
Time Scat., m = 2 12.3
Time & Frequency Scat., m=2 10.3
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Phone Classification (TIMIT)

J.Anden

e Training on 3696 phrases (139868 phones) and
and testing on 192 phrases (7201 phones)

e Flach phone is classified using a Gaussian kernel SV M.

"= 32 ms
Feature Set Error (%)
A-MFCC (32 ms) 19.3
State of the art (excl. scattering) 16.7
Time Scat., m = 1 18.5
Time Scat., m =2 17.7
Time & Freq. Scat., m =2 16.5
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* ?"i“,v .Joint versus Separable Invariants_ .=

e Separable cascade of invariants loose joint distributions.

e Separable rotation and translation invariants can not
discriminate:

= need to build invariant on the joint roto-translation group.
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e Group multiplication:

(r',t") . (r,t) = ('r, Pt +t) : not commutative.

e Inverse: (r,t)"! = (r= 1, —r—1t).

e An averaging invariant is convolution on L%(G): x(g) = x(r, t)

for toanstasimbstions *3¢@3®3$¢> %‘6(% &) Podt" g) dg’

R2 G

e Roto-translation Haar measure : dg = dt df (rotation angle )
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. Scattering on a Lie Group
L. Sifre

e How to define a wavelet transform of x(r,t) € L%(G) ?

e One can define separable complex wavelets ¢, (r,t) € L*(G)

)% = /G 2(g)Pdg = llz ® 82 + 3 ||z @ 1, |
A2

Monday, June 23, 14



Translation Invariance

LaurentSfre

translation translation

L —— ‘Wl‘ —>‘Qj*¢2jr9(t)|: X](H,t)—JWﬂ — ‘Xj(@,.)*¢A2(t)’
! R

T * ¢(t) 3D variable X;(0,.) % (1)

e Convolutions along translation parameter: ¢
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_Rotation-Translation Invariance

LaurentSfre

translation roto-translation

L —) ‘Wl‘ —>‘Qj*¢2jr9 (t)|: X](H,t)—> ‘WQ‘ —"Xj ®EA2(977§)‘
! T

3D 1abl —
z % (1) variable X; ® 6(6,t)
oty 7 o
/_, Wy
g

e Convolutions along translation parameter: ¢

Convolutions along rotation parameter: ¢
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Rotation-Scale Invariance ~
Laurent Sifre

translation scalo-roto-translation

T |[Wi| f—|@ % 25, (D)|= X (4,0, 1) | Wall— |X ®7,,(j.0,1)]

l 4D wvariable l
T * P(t) X ® ¢(4,0,t)
oty D
/" W L . g
> (97]

e Convolutions along translation parameter: ¢

Convolutions along rotation and scale parameters: 6 , j
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UIUC database: A

25 classes

‘_,.

HH
i
!
i\
. T_. “ LB .,‘_: <_. ; 3?',’%.4' .‘-\'-f‘”“_“-_‘f‘ :
Ly Sl RN
27277700 Bt A T i A | BRI SRS SR
iR\ T eSNNERERE
;-‘Il‘ Rl § . A NN
i

4

)
“‘l
i
i
§
%
't
1147

N
(HM
i
;
‘l

,_
i
it

)
77

7

i
il
H
b
i

X ..‘
» . | ’
N
X l
.
»
A\

y = P . 4 ¥l . X A daad s

RS Rt R N Y ot
R : s " ] '
1§ & AN L S

Scattering njﬂ.sgiﬁnﬂ.‘r..inn errors
Zlraining S’Eranslai;i@n»suﬁce{ﬁéfe—(ﬁ Rlélteaatlig);}\ —Fscgling
20 ho 7, asstttergbOA7SVM—5 607
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CalTech 101/256 data-basis:

Arbre de Joshua Metronome Nénuphare

Guitare

i

E 4

e i

. . A4 “

| el
i \; H

)
R |
--
PR
'R
g &
-

:'g‘

>
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A [ j ““' 3“; £
f A - % f 3 |\ \A |
WA 8 P 1\ |-\
Hh \ 1 : 3 ] dense
a8 : % 192 192 128 2048 2048
1 ,7 128 ; i il
5
— 13 13 13
224 . ‘ 3 [ . 3 l i
i \ l NI 3 | 3 3 13 dense | |densé
. . \ J
11’ 155 1 ? 1000
11 192 192 128 Max -
. . 2048
224\Jstrid Max 128 Max pooling %° ot
Yof 4 pooling pgoling
3 48 .
Dimensionality

=t

augmentation : . . . .
g /|\ Dimensionality reduction

\
hase 2

Depth

>



Problems/Datasets in Computer Vision

* Imagenet
— 14,000,000 images (1,000,000 with bounding box annotations)

— 20000 categories

SRCeacEcvSEEHEaNEERUNY | E2. ' DyERTCR Y Eeoniom
& SEBI/ELZO TR JEH -¢ I~ BeME N EEREnFiEtExEan™
uliﬁcl\\0li=oll§ai@vQﬁllel.ﬂ!\lllllunalﬂ
~mﬂuo=*ﬁ BELRD HODREEOIERS IEEDN RN RO RS
: mOEEDRASERS SRR A QDR £ sEiiawn g
~nllﬁlllﬁlllunaluhltl.ﬂ.hﬂlﬂﬂ.lllll.ﬁlﬂll
S OEwERNEN L aERTRENIHT s BeEzennMErHCHEGE - P
SHnEsHs Tyl SEEoBMAE e cmpmres -E-AiuEE
By« EMDEDERZECEENE . CINSEESOWE EANTAZESRERTE
3linllﬂninlnlﬂi!m&dnﬂmllmnnzllalimlmnla"
S aPrassBTRalak Guwd - v OM KR o LW =NRmEEET - 67

S PP IsRilescorESNIEZE  FEERNDREEECH Enl
8IIlIIEEIIIBlI=!$E-dtﬁI'sﬂ"waiuﬂ/.s&~2!r|
SNEES 2 §H-Cale~ [0 /H,. ‘ONPIE. 9= =M ¥~
— /Bl &5 §H9 B aﬁaliu;alIlen!'m&/IUVI_ll
RvBIOBIE\\ WAl 7U TR AT | -~ ‘He oaf19 /
e 4 PAL PN LB wlﬁt*naﬂniaﬂiﬂnlanlﬂIﬂ@'
EEELASEr &t o BaTRiwlad 7 VN8 s w2 wEl
ONEEHA" ¢ sDOUEHE O - LT—EFHLURESD Qe e
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ﬁﬂalmlnnlmluuliul!lmnlJIlaﬁ!ﬁ-EIinliuu!ns
anmnv~l~_illl$Aontﬂ'lllnunn'nsln~nﬂus
QAE Nt el teElorBazZNFINE L Ma ! a0 ol ¢
HRsE FMeisH- AR iLON : _ o8=TJmenz;3me [l §

.‘u \

Ias

ImageNet (http://www.image-netorg/challenges/LSVRC/2010/index)

poster created by Fengjun Lv using VIPBase

aw»

r fTor

\
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Cal-Tech Classification

E. Oyallon
Accuracy
S # Classification accurasy CalTech-101
., | Boto-translation """
Scattering
TO [ e
o 2. Alex Deep Network A7 CalTech-256
5 Imagenet

Depth
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__Instabilities of Deep Networks

correctly classified as
classified ostrich

[J. Bruna Szegedy et al, ICLR'| 4]

Alex Krizhevsky's Imagenet

8 layer Deep ConvNet

|z — z|| < 0.01||z|]
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k. Deep Neural Neworks

..g—.- X

Hierarchical Invariance

NOH Non
linear linear
COIltI‘aCtion Contraction

T Wiz pWix (z) = {gn(z)}n
_ Linear — _ Linear _ =
H W, E m [ F -
— - 0 O P B — : "
£== N ;g—c e | Bimear ()
— — — E 1 Classification
d E E — 4  Regression

For example: p(u) = max(0,u) or p(u) = |ul

Convolution networks: W,,x(k) = {z * g:(2k) }1<k
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Wee

N Iterated Contractions
e "

e Reduce the space volume with iterated contractions

SGr=pW,...0WopWix

- Wy preserve distances: ||Wix — Wia!|| = ||z — /|
- p 1s a contraction

e [terative space contraction: reduce intra-class variability
but avoid reducing class distances: margin condition.

Wi

e How to choose the Wy 7
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Hierarchical Averaging

e Linear translation invariance by averaging.

e Hierarchical avera,ging progressive invariant computation

o S /N

Ha(u) = r(2u) + :;(Zu + 1)—__\ /f\ /_\ /‘

HQCU / \ * 7 °

/ -
Hox / ’
H*x
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{x(Zu) —z(2u + 1)

\/§ }ugd/Q

W = (H,G) is an orthogonal operator
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ZC*¢J(2J]~C) > U

{¢J(u —27k) , i(u— ij)} - orthonormal basis of L?[0, 1]
7>,
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{x(Zu) —z(2u + 1)

\/§ }ugd/Q

W = (H,G) is an orthogonal operator
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Haar Modulus
{z(u) fu<d

/WG

v(2u) + z(2u 2(2u) — 2(2u 4 1)
{ : )+\/§(2 —I_l)}ugd/z { 2 \/§2 = }ugd/Q

W| = (H,|G]) is contracting

a+b|a—M> L ,
, . permutation invariant of (a, b
( NG P (a,b)

b — b

max(a,b) = o | a—b

2 2
b — b
min(a, b) = ot a—b

2 2

Monday, June 23, 14






rows H G
columns g G H G

rows H G
columns H G H G

rows  H \
columns f/\(i H

“a
\ T~
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Haar Wavelet Modulus

e

|QZ‘*¢] ij

A h/\G /\G .
Wi H/\G‘ H/\g| o xs] % 45

rx¢1(27k) |z x| dy







Haar Wavelet Modulus

Ws| [Wa| (Wi

W / w

W / y\ / \\‘
e e e
w e\Pel\ Pel\1e




/N Fi.  Haar Wavelet Modulus

o

Sz = W4l W3] W, W1 2

ua / w
woSe
w1
o Pefel\ e\ 7o)




Haar Wavelet Scattering

| Sx = |W4| ‘Wg’ ‘ng |W1‘ L

Wy /m
v
CEEA A A
R CACATACADAVAYA

S = [Wyl [Ws| [Wa| [W1] = [W4] W3] [W| [W]

% P(u)
Theorem: LLS{ — ﬂ%'ﬂléﬁﬁi%ﬁﬁ]ﬁ(&t 1Skl = [|=|
|€ﬂ%w*zﬁ%\kﬁxﬂ4wﬂ|%@(\@” !

u,>\1 ,)\2,)\3,...




Wavelet Scattering

permutation my

Wi H &

permutation 7o

NG
e/ N\g N |
permutation 7s

woaNe N N N
YA KAV ATA

= |Wal W3] [Wa] Wy

e What is happening if (H,G) are changed ? different wavelets.

e How to change the invariant 7 change convolutions

with permutations S = my |Wy| w3 |W3|mo |Wa| w1 [W1]
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Xu Chen, Xiwu Cheng
e Learning convolutions/permutations reduces to pairing.

e Haar filtering of coefficient pairs:

VV> {a:'(k) +x(k')  x(k) —x(k") }
V2o V2 (k)

palring

{ek)} 5 {ah),=(k) ]

k<d

(k,K")

e Permutation invariant contraction:

airin , W (s z(k)  |x(k) — (K
{az(k)}kzd j{x(k),x(k )}(M/) — { (k)\% ) » ‘ (k)\@ o }(k,k’)

e Learn pairing {(k,k")}: low-dimensional problem (no curse)

with optimal matching algorithms.

Monday, June 23, 14



Learned Haar Scattering

The pairing defining each W,, is learned from data.

-if N points
Optlmal pair matChng ’Wl‘ permutati()n T
y |
‘WQ, |W2| T2
W3] W5 W3] (Wa|| 73
| y y y | J ' |
W4 (W4 W4 W4 W4 ua W4 Wyl | T4
N SN SN N SN N NN
N points
4

Learned Haar Scattering: Sz = H Wi |mpx Multipleo trees:.
— increases dimension
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o Learn S =]] |Wy]

e Unsupervised: minimise the data volume reduction

e Pair matching algorithm finds the pairing which maximizes

the data volume: minimises a mixed 12 /1 sparsity norm.

e Sparsity minimises contraction:

la| —|b]| =|a —b| if a =0 or b=0.
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. Learning with Optimal Contraction,

e We want to maximize

J
o*(SX)=a(]] [Wml|X).

m=1

e Greedy: for increasing m finds W,, which maximizes

02(‘Wm|Xm—1) —

= find a grouping which minimizes ||

m—1

0 (|Win|Xm—1) with Xpo1 = [ (WX

k=

([ W | X1 [I7) — |

1

(| Wn| X —1) |

43(‘Wm|Xm—1)‘ ’

sparsity 12/1' norm: build discriminative features which are

sparsely activated across realizations.
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Examples of MNIST written digits Xu Chen, Xiu Cheng

ol A3 HIS el7 5 q
EINEIE RS Eardra

Permutation of digit image pixels:

Unsupervised learning W,,, for 1 < m < 4 yields Haar wavelets of size 2%

Reordered Haar pairing: 100% connected for first 3 levels m = 1,2,3
85% for m = 4 and 65% for m =5

Learned Haar Scattering : 0.9% errors
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(a) (b)

e Haar scattering: does not know translations and rotations

Nearest | Fully connect. | Local connect. | Learned Haar
neighbor 2 layers 2 layers Scattering

19% 5.6% 670 2.2 %
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ls’aﬁ -

e The training set {x;, f(x;)}; is divided in K groups example
A Haar scattering representation Six is learned from each g

The aggregation Sx = {Sipx}r<x is a vector size KN.

0.35¢

0.3r

0.25-

Error Rate
o
N

o
-t
(&)

o
-t

0.05

.. Bagging Scattering Vectors

MNIST

—x=-Sphere MNIST
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gy
-

e Efficacité remarquable des réseaux de neurones profonds:

- Séparation d’echelles par ondelettes: scattering

- Métriques invariantes et stables par difféomorphismes
- Modeles de processus stationaires intermittents

e Apprentissage non-supervise par contractions iterees.

e Grand potentiel a I’'interface traitement du signal/apprentissage.

Papiers et Softwares Matlab:
www.d1.ens.fr/data/scattering
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