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Coherent imaging Light propagation model

Huygens-Fresnel principle (scalar theory)

The Huygens-Fresnel principle states that each point of a medium (disturbed
by passing wave) becomes source of disturbance which propagates from this
point in all directions indiscriminately. (Indeed, when a uniform medium is
disturbed at some point then due to directional symmetry this disturbance
propagates in all directions equally and without any path/direction
discrimination). The interference (=addition) of all disturbances then results
in a certain amplitude of detected wave.
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Coherent imaging Light propagation model

Simulation of light propagation in free space

R = jj ~MP jj =
p

(x - � )2 + ( y - � )2 + z2
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Coherent imaging Light propagation model

Simulation of light propagation in free space

kR = k
q

( x - � ) 2 + ( y - � ) 2 + z2 ( � )

kR ' kz + k
( x - � ) 2 + ( y - � ) 2

2z

kR ' kz + k
x 2 + y 2

2z
- k

2x� + 2y�
2z

(*) with k = n 2�
� , n is the refractive index of the medium.
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Coherent imaging Light propagation model

Rayleigh Sommerfeld model

U(x, y, z) =
1
j�

Z Z+ 1

- 1
U(� , � , 0)

ejkR

R
cos�d�d�

R = jj ~MP jj =
p

(x - � )2 + ( y - � )2 + z2 and cos� = cos( ~ez , ~R) = z
R

* Goodman, "Introduction to Fourier optics", Roberts and Company Publishers, 2005
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Coherent imaging Light propagation model

Rayleigh Sommerfeld model

U(x, y, z) =
1
j�

Z Z+ 1

- 1
U(� , � , 0)

ejkR

R
cos�d�d�

Replacecos(� ) by its expression
Replace R by its expression
Use the convolution product de�nition to simplify the expression

Corinne Fournier � Unconventional imaging and co-design 10 / 63



Coherent imaging Light propagation model

Rayleigh Sommerfeld model

U(x, y, z) =
1
j�

Z Z+ 1

- 1
U(� , � , 0)

ejkR

R
cos�d�d�

Replacecos(� ) by its expression
Replace R by its expression
Use the convolution product de�nition to simplify the expression

U(x, y, z) = z
j�

R R+ 1
- 1 U(� , � , 0) e jkr

R2 d�d�

U(x, y, z) = z
j�

R R+ 1
- 1 U(� , � , 0)

ejk
p

( x - � ) 2 +( y - � ) 2 + z2

( x - � ) 2 +( y - � ) 2 + z2 d�d�
Reminder convolution product :

f (x, y) =
R R+ 1

- 1 g(� , � ).h(x - � , y - � )d�d� = g �
x ,y

h

Uz (x, y) = U �
x ,y

hz with hz (� , � ) = z
j�

e jk
p

� 2+ � 2+ z2

� 2+ � 2+ z2
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Coherent imaging Light propagation model

Rayleigh Sommerfeld model

In space domain :

Uz (x, y) = U �
x ,y

hz with hz (� , � ) = z
j�

e jk
p

� 2 + � 2 + z 2

� 2 + � 2 + z2

hz is called :

the propagation kernel
the impulse response
the PSF (Point Spread Function)

In Fourier domain (Angular Spectrum) :

�Uz (� x , � y ) = �U0(� x , � y ). �hz (� x , � y )

with �hz (� x , � y ) = ejzk
q

1- ( 2�� x ) 2

k 2 - ( 2�� y ) 2

k 2

�hz is called :

the Transfer Function
the amplitude Transfer Function
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Coherent imaging Light propagation model

Fresnel approximation

Uz (x, y) = z
j�

R R+ 1
- 1 U0(� , � )

ejk
p

( x - � ) 2 +( y - � ) 2 + z2

( x - � ) 2 +( y - � ) 2 + z2 d�d�

For largez, cos(� ) ' 1 and the phase expression of the spherical wavekR
can be simpli�ed in (2.1) using a Taylor's serie expansion of order 1.

kR = kz
�

1 + ( x - � ) 2

z2 + ( y - � ) 2

z2

� 1
2

' kz
�

1 + ( x - � ) 2

2z2 + ( y - � ) 2

2z2

�

Replacecos(� ) by 1 andkR by its approximation
Use the convolution product de�nition to simplify the expression
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Coherent imaging Light propagation model

Fresnel approximation

Uz (x, y) = z
j�

R R+ 1
- 1 U0(� , � )

ejk
p

( x - � ) 2 +( y - � ) 2 + z2

( x - � ) 2 +( y - � ) 2 + z2 d�d�

For largez, cos(� ) ' 1 and the phase expression of the spherical wavekR
can be simpli�ed in (2.1) using a Taylor's serie expansion of order 1.

kR = kz
�

1 + ( x - � ) 2

z2 + ( y - � ) 2

z2

� 1
2

' kz
�

1 + ( x - � ) 2

2z2 + ( y - � ) 2

2z2

�

Replacecos(� ) by 1 andkR by its approximation

Use the convolution product de�nition to simplify the expression

Uz (x, y) = 1
j�z

R R+ 1
- 1 U0(� , � )ejk

�
z+ ( x - � ) 2

2z + ( y - � ) 2

2z

�

d�d�
Note : In the denominatorR has been replaced byz.
This simpli�cation cannot be done in the phase term because a small change inR in
the phase term leads to a big change in the phase (e.g.,�R = �= 2, �� = � ).
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Coherent imaging Light propagation model

Fresnel approximation

Uz (x, y) = 1
j�z

R R+ 1
- 1 U0(� , � )ejk

�
z+ ( x - � ) 2

2z + ( y - � ) 2

2z

�

d�d�

Using the convolution product :

Uz (x, y) = U �
x ,y

hFr
z with hFr

z (� , � ) = 1
j�z ejkz ejk � 2+ � 2

2z

Fresnel assumption is valid if the second order term in the Taylor series of R
is negligeable :z3 > 10. �

4� f[(x - � )2 + ( y - � )2]2gmax = zRS- Fr

For a di�ractive area and a observation area squared of widthW :
z3 > 10.�� W4

In most many practical cases, a less restrictive condition can be applied :z � 64��
* Goodman, "Introduction to Fourier optics", Roberts and Company Publishers, 2005
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Coherent imaging Light propagation model

Fraunhofer approximation

Uz (x, y) = 1
j�z

R R+ 1
- 1 U0(� , � )ejk

�
z+ ( x - � ) 2

2z + ( y - � ) 2

2z

�

d�d�

Expand(x - � )2 and (y - � )2 in the phase and simplify the expression

simplify the expression by neglecting the termk ( � 2 + � 2 )
2z
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Coherent imaging Light propagation model

Fraunhofer approximation

Uz (x, y) ' e jkz e jk ( x 2 + y 2 )
2z

j�z

R R+ 1
- 1 U0(� , � )e- jk ( x

z � + y
z � )� � � � �

ejk ( � 2 + � 2 )
2z d�d�

Uz (x, y) ' e jkz e jk ( x 2 + y 2 )
2z

j�z

Z Z+ 1

- 1
U0(� , � )e- j 2� ( x

�z � + y
�z � ) d�d�

| {z }
Fourier Transform F

Uz (x, y) ' e jkz e jk ( x 2 + y 2 )
2z

j�z F� x ,� y [U0(� , � )] with � x = x
�z and � y = y

�z

Fraunhofer assumption is valid if :

Fresnel approximation is valid, i.e.z3 > 10. �
4� f[(x - � )2 + ( y - � )2]2gmax

�
�

� 2 + � 2

�z

�

max
� 1

If D is the width of a circular aperture in the transmittance plane :
z � � D 2

4�
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Coherent imaging Light propagation model

Simulation of light propagation in free space : summary

U z ( x , y ) = U 0 �
x ,y

h RS
z j U z ( x , y ) ' U �

x ,y
h Fr

z j U z ( x , y ) '/ �U ( x
�z , y

�z , 0)

h RS
z ( � , � ) = z

j�
e jk

p
� 2 + � 2 + z 2

� 2 + � 2 + z2 j h Fr
z ( � , � ) = 1

j�z e jkz e jk � 2 + � 2
2z j e- j 2� ( � x � + � y � )

Interferences of Spherical j Interferences of Paraboloidal j Interferences of Plane
waves j waves j waves

Note 1 : Fraunhofer propagation is called "far �eld" propagation whereas
Rayleigh-Sommerfeld and Fresnel propagation are called "near �eld propagations".

Note 2 : For z . lambda , scalar approximation is no more valid
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Coherent imaging Propagation models properties

Propagation models properties

The propagation operators have properties linked with physical properties of
light propagation.

In the case of Fresnel propagation :
the Fresnel kernel, which is a chirp function, has a Gaussian form1, its
Fourier Transform (FT) is also a Gaussian :

hz (� , � ) = e ikz

i�z e
i�
�z ( � 2 + � 2 ) $ F� x ,� y (hz ) = �hz (� x , � y )

= eikz e- i��z ( � 2
x + � 2

y )

1. FT of a Gaussian function : f ( x ) = e- x 2

a 2 $ ef ( � x ) = a
p

�e - a 2 ( �� x ) 2
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Coherent imaging Propagation models properties

Propagation models properties

Additivity = Propagation
hz1

� hz2
= hz1 + z2

$ ehz1
.ehz2

= ehz1 + z2

Inverse = Inverse wave propagation
hz � h- z = � $ ehz .eh- z = 1

Neutral element/Identity element
=propagation of a plane wave

A � hz = A $ A� .ehz = A�

Comment 1 : Fresnel transform is redundant, all information is in each
plane z.
Comment 2 : These properties are true in a perfect analog world, with an
in�nite number of pixels and pixel size equal to zero.

PhD Thesis of Loic Denis, "Traitement et analyse quantitative d'hologrammes
numériques", 2006.Corinne Fournier � Unconventional imaging and co-design 21 / 63
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Coherent imaging Implementation of the free space propagation

Implementation of the free space propagation

Let us consider the near �eld propagation. Whatever is the model, RS's one
or Fresnel's one, the propagation can be expressed in a convolution form.
Uz (x, y) = U0 �

x ,y
hz

Using the convolution theorem, Fourier TransformsF can be used to
compute the convolution :

Uz = F- 1[F(U0).F(hz )] (1)

F(hz ) = ehz can be computed analytically in Frequency domain :

Uz = F- 1[F(U0).ehz ] (2)

The complexity is less in eq(2)...
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Coherent imaging Implementation of the free space propagation

Sampling Issues

Several points have to be considered when implementing a propagation
operator :

Physical Issue
validity of the optical approximation

Numerical Issue
Sampling of the Fresnel function
Kernel separability
Borders e�ects

Corinne Fournier � Unconventional imaging and co-design 24 / 63



Coherent imaging Implementation of the free space propagation

Sampling of the propagation kernel
The spatial frequencies of the propagation kernels increase with the radial
distance
In the case of Fresnel kernel :

Spectrogram :
gives the frequency as a func-
tion of the space variable
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Coherent imaging Implementation of the free space propagation

Sampling of the propagation kernel
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Sampling of the propagation kernel
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Coherent imaging Implementation of the free space propagation

Sampling of the propagation kernel

The low threshold value of z below which the kernel is badly sampled can be
estimated by considering the Shannon-Nyquist theorem

The instantaneous frequencyf inst of the signal should be lower than the
Nyquist-Shannon frequency (equal to1

2p p
wherepp is the pixel pitch of the

digital sensor).
Reminder :fx inst = 1

2�
@�
@x where� is the signal phase.
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Coherent imaging Implementation of the free space propagation

Sampling of the propagation kernel

The low threshold value of z below which the kernel is badly sampled can be
estimated by considering the Shannon-Nyquist theorem

The instantaneous frequencyf inst of the signal should be lower than the
Nyquist-Shannon frequency (equal to1

2p p
wherepp is the pixel pitch of the

digital sensor).
Reminder :fx inst = 1

2�
@�
@x where� is the signal phase.

In the case of the Fresnel kernel (implementation : eq(1) slide 23)

hFr
z (x, y) = 1

j�z ejkz ejk x 2 + y 2

2z , the phase is� (x, y) = - �= 2 + kz + k x 2 + y 2

2z

fx max
inst = x max

� .z < 1
2p p

thus z > 2x max p p

�

As xmax = pp N=2 with N the columns number on the sensor

z > zFr
lim sampling =

Np 2
p

�
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Coherent imaging Implementation of the free space propagation

Sampling of the transfer function

In frequency domain (implementation : eq(2) slide 23) the Fourier Transform
of the Fresnel kernel is :
F� x ,� y (hz ) = ehz (� x , � y ) = ejkz e- j��z ( � 2

x + � 2
y )

fx max
inst = � max

x � .z < 1
2( 1=Np p ) thus z < Np p

2� max
x �

� max
x = 1

2p p

z <
Np 2

p

� = zFr
lim sampling
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Coherent imaging Implementation of the free space propagation

Sampling and propagation summary

zRS- Fr = 10. �
4� f[(x - � )2 + ( y - � )2]2gmax

zFr
lim sampling =

Np 2
p

�
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Coherent imaging Image formation model

Image formation by a lens

The model ofthin lens assumes that a lens simplydelays the incident
wavefront by an amount proportional to the thickness of the lens� (x, y).
Phase shift :� (x, y) = n l k0� (x, y) + k0[� 0 - � (x, y)] (propagation in air and
n l the refractive index of the lens material)

The transmittance of the thin lens is :t l (x, y) = ejk 0 � 0 ejk 0 ( n l - 1) � ( x ,y )

The complexe wave behind the lens is :U
0

l (x, y) = t l (x, y)U l (x, y)
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Coherent imaging Image formation model

Thin lens model

In paraxial approximation (rays make a small angle� to the optical axis) :

� (x, y) = � 0 - x 2 + y 2

2

�
1

R1
- 1

R2

�

t l (x, y) = ejk 0 n l � 0 ejk 0 ( n l - 1) x 2 + y 2

2

�
1

R 1
- 1

R 2

�

Keeping only the phase term that depends on(x, y) and introducing the lens
focal lengthf :

t l (x, y) = e- jk 0
x 2 + y 2

2f with f = ( n l - 1)
�

1
R1

- 1
R2

�
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Coherent imaging Image formation model

Thin lens model

Application : Use the Fresnel propagation and the lens model to �nd the thin
lens formula.
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Coherent imaging Image formation model

Thin lens model : Numerical aperture

The thin lens model is equivalent to an optical setup that includes 2 thin lens
of focal lengthz0 and zI and same focal point.

Uf
img (x, y) = F- 1

x ,y

�
�U img (� x , � y ).P( x

�z I
, y

�z I
)
�
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Coherent imaging Image formation model

Image formation : holography
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Coherent imaging Image formation model

Inline Holographicsetups

Most simple and low costsetups in coherent imaging :

(a) lensless microscopy,
magni�cation G = 1

(b) lensless microscopy,
magni�cation
G = z+ zs

z > 1

(c) inline holographic
microscopy
magni�cation
G = 40, 60, 100

Note : Colors are used in the �gure for visualization reasons. The light is although
monochromatic.
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Coherent imaging Image formation model

Inline Holography : Lensless microscopymodel

Uz (x, y) = U0 �
x ,y

hz = A.
�

t �
x ,y

hz

�
, the amplitude model is linear.

I z (x, y) = jUz (x, y)j2, the intensity model is not linear.
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