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1 Important properties & identities

1.1 Fundamental results from linear algebra

Definition 1. The kernel of a matriz A € RM*N s q subspacce of R defined
as

ker A := {UGRN : A'v:O}.
Its dimension dimker A is called the nullity of A.
Definition 2. The rank of A € RM*XN ' denoted rank A, is defined as the
dimension of the image of RN wunder the map v — Awv. In other words, it

equals the dimension of the subspace spanned by the columns of A, defined as
colspan A := {Av v E RN}.

Theorem 1 (Rank-nuillity). Let A € RM*N . Then,
rank A + dimker A = N.

Corollary 1. Let A € RM*N and denote rowspan A := {AT'U NS RM} the
subspace of RYN spanned by the rows of A. Then, dim colspan A = dim rowspan B
and rank A < min {M, N}.

Theorem 2 (Sylvester’s rank inequality). Let A € RM*E gnd B € REXN,
Then,
rank AB > rank A +rank B — R.



Proof. Follows from dimker AB < dimker A + dim ker B and the rank-nullity
theorem. O

Proposition 1. Let A € RM*E gnd B € REXN | Then,
rank AB < min {rank A, rank B} .

Corollary 2. Let A € RM*E gnd B € REXN | and suppose A has full column
rank (that is, rank A = R). Then,

rank AB = rank B

Similarly, if B has full row rank, then rank AB = rank A.

Theorem 3 (Singular value decomposition). Every A € RM*N qdmits a de-
composition
A=Uz=V'

such that

o left singular vectors: U € RM*M s an orthogonal matriz containing
the eigenvectors of AAT;

o right singular vectors: V € RN*YN s an orthogonal matriz containing
the eigenvectors of ATA;

o singular values: ¥ € RM*N s q rectangular diagonal matriz given by

Diag(o1,...,0Mm), M=N,

- (Diag(ah ey OM) 0M,N-M> , M <N,

Diag(o1,...,0n) ’ N <M,
Or—nN,N

with o; = \/Ai(AAT) = \/)\i(ATA) ordered such that o1 > g9 > -+ >
Omin{M,N} > 0.

Furthermore, the number of nonzero singular values of A equals the rank of A,
which can thus be written as

rank A
_ T
A= Or UpV, .
r=1

1.2 Kronecker & Khatri-Rao products

Definition 3. The Kronecker product of two matrices A € RM*N and B €
REXP wyields a matric AR B € RMIXNE given, by

a11B algB alNB

a21B a22B e a2NB
AXB= . .

GA41B CLMQB CLMNB



Definition 4. The vectorization of a matriz A = (a1 aN) € RM*N,
dentoted vec A € RNM | yields a vector obtained by stacking the columns of A
as:

vecA = (a] ... aZTV)T.

Proposition 2. The Kronecker product satisfies:
e AXB #BX A in general;
e AB+C)=AXB+AXCand (A+B)KC=AXKC+BKXC;
e AK(BXC)=(AXB)XC;
e (AXB)'=ATXBT,;

(AXB)(CXD) = (AC)X(BD) (for matrices of compatible dimensions);
vec(ABCT) = (CX A) vec B;

e rank(A X B) = rank A rank B.

If. in particular, A € RM*M gnd B € RV*N | then
e (ARB) ! =A"1XB! if the inverses exist;
e det(A X B) = (det A)N(det B)M.

Definition 5. The Khatri-Rao or columnwise Kronecker product of two
matrices A € RMXE gnd B € RN*E yields a matric A ©B € RMNXE given by

A@B:(m&bl aRgbR).
Proposition 3. The Khatri-Rao product satisfies:
e AOB #BO0 A in general;
e A®GB+C)=A0B+AG0Cand(A+B)06C=Ac0C+Bo6C;
e A®G(BoC)=(A®B)6C;

e (A®B)T(A®B) = (ATA) ® (B"B), where ® denotes the entry-wise
(Hadamard) product;

oA@B:(A&B)(elﬁel eR@eR);

e vec(ABT) = (BX A)veclgp = (B ® A)lg, where R is the number of
columns of A and of B, and 1g is the R-dimensional vector whose every
enty equals 1.



Exercises
. Show that (U,V,W).a®b®c= (Ua)® (Vb) ® (Wc).

. The mode-1 unfolding of X € RN1*XN2xNs ' denoted X € RN1xNaN2 g
defined so that

(X1))ieiik) = Tijhs
with €(j, k) := No(k — 1) + j. Similarly,

(X(2))j.p(ik) = Tijks
with p(i, k) :== N1(k — 1) + 4 and

(X(S))k,q(i,j) = Tijk,
with q(4,7) := N1(j — 1) + 4.

(a) Find generalized formulas for the unfoldings of tensors having any
order and dimensions, that is, for X € RN1XXNa g > 9,

(b) Show that, if X = [A, B, C], then with the above definitions it follows
that

X1 =A(CoB)", X3 =B(CoA)", X3 =CBoA)".

(c) Find a general expression for X ;) with X = [A®), ...
(d) Now, letting X = (U, V, W) - S, show that

AD].

X =USm(WHR V).
. Recall that vec X := vec X ;). Show that
(a) If X = (U, V,W) S, then

veeX = (WX YV X U)vecS.
(b) If X = [A,B, C], then

veeX=(COBG®A)lg.

(c¢) Generalize the above formulas for any order d.
. Show that, if U, V, W have full column rank, then
mrank(U, V, W) .- X = mrank X

and
rank(U, V, W) - X = rank X.

. Show that (A ®B)T(A®B) = (ATA)® (B"B).

. Show that the family {w,, ® vr, ® Wiy}, c(Rr)] e (Ro]rse[Rs) 1S linearly in-
dependent iff the families {w,, }, c(g,}, {Vro},,e(r,) a0d {wrs}, c(r,) are
linearly independent, where [R] := {1,..., R}.



7. Show that @ ® b ® ¢ + © ® v ® w has rank one iff these two terms are
collinear over at least two modes, that is, there exist «, 8 € R such that
one of the following items is true:

e a =cau and b = fv;
e a=oau and ¢ = fw;

e b=oawv and c = fw.

8. Show that if D = Zle e®3 is essentially unique, then any PD X =
[A,B, C] , with full-column-rank factors A, B, C is also essentially unique.

9. Show that %X-u3 =3X-u?.

3 References, organized per topic

Books [Hackbusch, 2012], [Favier, 2021]

Applications [Hsu and Kakade, 2013],[Anandksumar et al., 2014], [Vasilescu
and Terzopoulos, 2002], [Vasilescu and Terzopoulos, 2002], [Lebedev et al.,
2015], [Hong et al., 2020], [Favier et al., 2012], [Goulart and Burt, 2021],
[Novikov et al., 2021], [Dolgov et al., 2020]

Block-term decomposition [De Lathauwer, 2008|, [De Lathauwer, 2011],
[Goulart and Comon, 2019], [Rontogiannis et al., 2021], [Giampouras et al.,
2022], [Domanov and Lathauwer, 2020], [Khamidullina et al., 2023], [Goulart
et al., 2020], [Sorber et al., 2013]

Tensor networks [Cichocki et al., 2016], [Cichocki et al., 2017]
Multilinear rank and Tucker model [Hitchcock, 1928], [Tucker, 1966]

High-order singular value decomposition & variants [De Lathauwer
et al., 2000a], [Vannieuwenhoven et al., 2012], [Goulart and Comon, 2017],
[da Silva et al., 2016]

Best rank-one approximation and tensor eigenpairs [Kofidis and Re-
galia, 2002], [Kolda and Mayo, 2011],[Lim, 2005], [Cartwright and Sturmfels,
2013], [Huang et al., 2022]

Best low-mrank approximation [De Lathauwer et al., 2000b], [Xu, 2018],
[Lebeau et al., 2024a]

Polyadic decomposition [Hitchcock, 1927], [Carroll and Chang, 1970], [Harsh-
mans, 1970], [Rajih et al., 2008], [Uschmajew, 2012], [Yang, 2023], [Sanchez and
Kowalski, 1990], [Leurgans et al., 1993], [Beltrdn et al., 2019], [Bhaskara et al.,
2014], [Cattell, 1944], [Vannieuwenhoven, 2015], [Sorber et al., 2013], [Domanov
and Lathauwer, 2014], [Kolda and Hong, 2020], [Yang et al., 2018], [Hopkins
et al., 2019]



CPD uniqueness [Kruskal, 1977]

Existence and conditioning of best low-rank approximation [de Silva
and Lim, 2008], [Qi et al., 2020], [Evert and De Lathauwer, 2022], [Paatero,
2000], [Breiding and Vannieuwenhoven, 2018]

Orthogonal tensor decompositions [Kolda, 2001], [Robeva, 2016]

Tensor PCA, spiked models and related topics [Ben Arous et al., 2019],
[Montanari and Richard, 2014], [Ros et al., 2019], [Goulart et al., 2022], [Seddik
et al., 2024], [Ben Arous et al., 2022], [Ben Arous et al., 2023], [Perry et al.,
2020], [Montanari et al., 2017], [?], [Lebeau et al., 2024b]

Tensor train decomposition [Oseledets, 2011]

Generic rank [Abo et al., 2009], [Comon et al., 2009], [Comon and ten Berge,
2008]

Maximal rank [Sumi et al., 2010], [Bremner and Hu, 2013], [Kruskal, 1989]
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