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Foreword (1/4)

Low-rank approximations
� Matrix and tensor decompositions
� Neural nets (e.g., (V)AEs, CNNs)

()
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Foreword (2/4)
Global vs local low-rankness

X(n� m) � G(n� k) � F(k� m)

� Global low-rankness :k < min(n;m)

� Local low-rankness :

î Latent variable sparsity (k can be greater than min(n;m)) () union of low-rank subspaces
î Manifold approximation() nonlinear problems

Left : Union of subspaces (source : (QU et al. 2023)). Right : Manifold tangent approximation (source : (EDELMAN , ARIAS

et SMITH 1998))
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Foreword (2/4)
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Foreword (3/4)
The Great Convergence

� Low-rank models are ubiquitous (e.g., in signal/image processing and in machine learning)
� Examples with a matrix factorization expression :X � G� F

Method D(X;G� F) Constraint onG Constraint onF

SVD kX� G� Fk2
F GTG = I FTF = L

k-means kX � G� Fk2
F none

FTF = I
fij = f 0;1g

k-medians kX � G� Fk1 none
FTF = I

fij = f 0;1g
NMF (D. D. LEE et H. S. SEUNG 2001) kX � G� Fk2

F or KL(X;G� F) gij � 0 fij � 0
MMV (T ROPP2006) kX � G� Fk2

F none structured sparsity (`2;1)
CX

kX� G� Fk2
F

columns ofG
none

(X. L I et PANG 2010) extracted fromX
Convex NMF

kX� G� Fk2
F

columns ofG
fij � 0

(DING, T. LI et JORDAN 2008) extracted fromX
Robust convex

kX � G� Fk1
columns ofG

fij � 0
NMF (KUMAR et SINDHWANI 2015) extracted fromX
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Foreword (4/4)

What this talk is andis not about
3 Some applications of low-rank models/approximations

� Fast overview of “classical” applications
� Some insights on a few problems

7 An exhaustive and detailed list of methods for each application
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Introduction

“Classical” applications of low-rank models
1 Low-rank approximations (e.g., SVD, NMF) :X � G� F
2 Low-rank + sparse approximation :X � G� F + S
3 Weighted low-rank approximations :W� X � W� (G� F)
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Data compression
� e.g., SVD-based data compression

X

Patterns :

= s1� u1 � vT
1

Most
important

+ s2� u2 � vT
2

2nd most

+ : : : + sk� uk � vT
k

k-th most
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Dictionary/Feature learning

X � G� F

� X matrix of (patches of) unfolded data
� G matrix of “atoms” or “features”

î atoms may be sparse (RUBINSTEIN,
ZIBULEVSKY et ELAD 2009)

� F matrix of weights
î In dictionary learning, weights are sparse

� X, G, andF may be non-negativeî NMF
Part-based decomposition with NMF (source : (D. LEE et

H. SEUNG 1999))
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Dictionary/Feature learning

X � G� F

� OnceG is learntî many applications : denoising, inpainting, compression, etc

Source : (GRIBONVAL 2014)
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Blind source separation

Several source signals are mixed (Source : (MANILOW , SEETHARMAN et SALAMON 2020))
� Several unknown “source signals”fj
� We only observe “mixture(s)” of themxi , e.g.,xi(t) � å

j
gij � fj(t)

î BSS aims to estimate thefjs from thexis
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Classes of mixtures
Most of the approaches process linear mixtures which are divided in three categories :

1 Linear instantaneous mixtures :xi(t) = å k
j= 1gij fj(t)

2 Anechoic mixtures :xi(t) = å k
j= 1gij fj(t� tij )

3 Convolutive mixtures :xi(t) = å k
j= 1å + ¥

l= � ¥ fijl sj(t� tijl ) = å N
j= 1gij (t) � fj(t)

x1(t) x2(t)

f1(t)

f2(t)

But also interest :
4 Post-nonlinear (convolutive) mixtures :xi(t) = Hi

�
å k

j= 1gij (t) � fj(t)
�

5 Other classes of nonlinear mixtures (linear quadratic, polynomial, etc)
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A very fast overview of source separation approaches

1 Sourcesfj are statistically independentî Independent Component/Vector Analysis (ICA, IVA)
(COMON et JUTTEN 2010)

2 Sourcesfj are sparseî Sparse Component Analysis (SCA) (DEVILLE 2014)
3 Mixturesxi , sourcesfj and mixing parametersgij are non-negativeî NMF (GILLIS 2020) /

NTF
4 Large amount of training data (i.e., data “quite similar” to the sources) are availableî Deep

learning

Applications
� Sources can be of any kind (audio, image, biomedical, hyperspectral, multimodal, etc)
� More information on less-classical BSS applications later
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Graph analysis and applications
� Many data seen as graphs

� bike sharing analysis, NYC cab traf�c
analysis

� Social networks, Sociology
� etc

� One classical problem : community
detection

� Let the unweighted graph de�ned byf V;Eg
whereV andE are the sets of vertices and
edges, resp.

� Adjacency matrixA :

aij =
�

1 if Vi andVj are linked,
0 otherwise.

� Community detection using NMF :
A � G� F (HE et al. 2021)

(Source : https://nilesh-patil.github.io/
blog/ )
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aij =
�

1 if Vi andVj are linked,
0 otherwise.

� Community detection using NMF :
A � G� F (HE et al. 2021)

Going further : multiplex graph analysis (ORTIZ-
BOUZA et AVIYENTE 2024)
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Video background subtraction
� In video surveillance:

� Background is usually constant
� Objects of interest are moving

î Background subtraction) X � G� F + SakaRobust PCAor low-rank plus sparse
decomposition(SOBRAL, BOUWMANS et ZAHZAH 2015; T. ZHOU et TAO 2011)

Source : (T. ZHOU et TAO 2011)
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Collaborative �ltering
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Sensor Localization from Fingerprints

� Indoor localization is a hard problem (GNSS
not very accurate)

� Sensor localization based on signal strength
(e.g., RFID)

� Proposed technique :
1 Get “�ngerprints” from beacons and

receivers with known positions
2 Estimate signal strengths in non-sensed

positions :W� X � W� M whereW is
binary,X known values of signal strengths,
M completed low-rank matrix of signal
strengths

3 Infer a mobile device position using the
completed map of signal strengths

Source : (NIKITAKI , Grigorios TSAGKATAKIS et
TSAKALIDES 2015)
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Context

� Air pollution remains an issue) � 40000 premature deaths per year in France
� Need to monitor air quality

! Local effects not sensed and hard to model with a sparsely distributed sensor network
� Tremendous development of miniaturized sensors

� Allow a much denser deployment than authoritative sensing stations

î Some local effects become observable

! But sensor drift is an issue
M. Puigt Applications des modèles de faible rang 28/06/2024 20
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The “why” of in situ sensor calibration

� Sensed phenomenonî voltage
� Voltageî phenomenon?

� In-lab calibration not possible
î data driven techniques (i.e.,in situsensor

calibration)
� Some reference data might be available

M. Puigt Applications des modèles de faible rang 28/06/2024 21
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The "how" of in situ sensor calibration (1)

� Many proposed methods

î Sensor network architecture
� In this talk :

1 Fixed sensors (BALZANO et NOWAK 2007)
2 Mobile sensors (DORFFERet al. 2018)
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Fixed sensor calibration (1) – Problem Statement and Assumptions
� Network composed ofN �xed and synchronized sensors observed at Timest = t1; : : : ; td.

� Calibrated and uncalibrated sensor readings denotedxn(t) andyn(t)
� Af�ne response model :

xn(t) � anyn(t) + bn

wherean (resp.bn) is the n-th sensor gain (resp. offset) correction
� No sensor gain is zero

yn(t) �
xn(t) � bn

an
� Sensors are pre-calibrated before deployment

î First sensor readings ofyi(t) thus correspond toxi(t)
� The network is dense enough to oversampling the signal space

î Rankk of the observed signal is known withk � N
� Observed signal subspaceS is known, e.g.,

� we can learn the subspace in which lie the "calibrated" data from the �rst readings,
� the subspace can be provided by experts in case of no pre-calibration.
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� No sensor gain is zero

yn(t) �
xn(t) � bn

an
� Sensors are pre-calibrated before deployment

î First sensor readings ofyi(t) thus correspond toxi(t)
� The network is dense enough to oversampling the signal space

î Rankk of the observed signal is known withk � N

� Observed signal subspaceS is known, e.g.,
� we can learn the subspace in which lie the "calibrated" data from the �rst readings,
� the subspace can be provided by experts in case of no pre-calibration.
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Fixed sensor calibration (2) – Example
Example with known rank-1 subspaceS

�
x1(t) = a1 � y1(t) + b1
x2(t) = a2 � y2(t) + b2

�
2 S; 8t
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y2
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j
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j
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x2(t3)�

gain effect
offset effect
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Fixed sensor calibration (3) – General strategy

y1

y2

�

��

�

��

S

S?

1 Either assume the offsets to be null or remove the
offset contributions (by centering the signals)

2 Projecting data ontoS?

3 Estimating sensor gains by nullspace projection, i.e.
2

6
6
4

P � Y1

...
P � Yd

3

7
7
5

| {z }
C

�a � 0;

whereP is the projection operator ontoS? and

Yk =

2

6
6
4

y1(tk) � y1

0
... 0

yN(tk) � yN

3

7
7
5

4 Estimating sensor offsets (e.g., by least squares if
true data are zero-mean)
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Fixed sensor calibration (4)

Are we sure it works?
Yes!Proof of convergence if the numberd of "snapshots" satis�es

d >
�

N � 1
N � k

�
+ 1

But a scale indeterminacy remains. Possibility to solve it by, e.g., assuming thata1 = 1
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Fixed sensor calibration (4)

How to solveC� a = 0? (BALZANO et NOWAK 2007; DORFFERet al. 2017)
1 Least-squares :

� Removea1 from a and obtaina0

� Remove the �rst columnc1 from C and obtainC0

� The problem to solve readsC0� a0= � c1
� a0= � C0� † � c1 where� † denotes the pseudo-inverse (pinv in Matlab)

2 SVD :
� Compute the economy-size SVD ofC (svd(C,0) in Matlab)
� The last singular vectorvend of V is proportional toa
� a can be derived by dividingvend by its �rst valuevend(1).

3 Outlier-robust extensions are immediate (DORFFERet al. 2017)
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Experiments
� Simulations where we investigate the error of estimation of the low-rank space (and its

orthogonal) and the proportion of outliers
� Tested methods from (BALZANO et NOWAK 2007) (left) and (DORFFERet al. 2017) (right)
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Motivation

� When sensors are moving, most approaches speci�cally developed for a considered sensor
network architecture (MAAG, Z. ZHOU et THIELE 2018)

� By combining assumptions of several methods, we proposed in (DORFFERet al. 2018) a
versatile technique

î Mobile sensor calibration() collaborative �ltering
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Motivation
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De�nitions
� A rendezvous is a temporal and spatial vicinity between two sensors (SAUKH , HASENFRATZ,

WALSER et al. 2014).
� A sceneS is a discretized area observed during a time interval[t; t + Dt). A spatial pixel has a

size lower thanDd, whereDt andDd de�ne the vicinity of the rendezvous (DORFFERet al.
2018).

Sensor 1

Sensor 2

Sensor 3

Rendezvous

SceneS

stacking

Column

Observed matrixX

Sensors

Spatial
samples
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Assumptions & Problem Formalism (1)
� Sensor response (calibration functionF (:) of Sensorj)

x(i; j)
| {z }

sensor-output voltage

' Fj(g1(i))

' (g1(i)
| {z }

physical phenomenom

�

unknown gain and offset
z }| {
f1;j) + f0;j

î Matrix form (if eachof them sensor sensesall the scene)
2

6
4

x(1;1) � � � x(1;m)
...

...
x(n;1) � � � x(n;m)

3

7
5

| {z }
X

'

2

6
4

1 g1(1)
...

...
1 g1(n)

3

7
5

| {z }
G

�
�

f0;1 f0;2 � � � f0;m
f1;1 f1;2 � � � f1;m

�

| {z }
F

� In practice, irregular sampling :W� X ' W� (G� F) with wij not binary (r j is a weight
coef�cient associated with Sensorj)M. Puigt Applications des modèles de faible rang 28/06/2024 30
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Assumptions & Problem Formalism (2)
� X, G, andF are nonnegative (air quality application)
� A known reference
î 8i = 1; : : : ;n; x(i;m) = g1(i) (i.e., f1;m = 1, f0;m = 0)
î Blind calibration revisited as an informed nonnegative matrix factorization problem

W�

2

6
6
6
4

x(1;1) � � � x(1;m� 1) g1(1)
x(2;1) � � � x(2;m� 1) g1(2)

...
...

...
x(n;1) � � � x(n;m� 1) g1(n)

3

7
7
7
5

| {z }
X

' W�

0

B
B
B
B
B
B
B
B
@

2

6
6
6
4

1 g1(1)
1 g1(2)
...

...
1 g1(n)

3

7
7
7
5

| {z }
G

�
�

f0;1 f0;2 � � � f0;m� 1 0
d1;1 f1;2 � � � f1;m� 1 1

�

| {z }
F

1

C
C
C
C
C
C
C
C
A

X G F

' �

G = f G + DG

F = f F + DF

Calibration() EstimatingF
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Alternative Models and Extra-Assumptions

� For some sensors, calibration model is
polynomial (DORFFERet al. 2016),
multilinear (VU THANH et al. 2021 ;
YAHAYA 2021), etcî Structure onG

� For some sensors, average behavior of
sensors is knownî Penalization on the rows
of F

� Possibility to learn a dictionary of spatial
distribution of sensed phenomenaî Free
row(s) ofG are sparse wrt this dictionary
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Solving such problems

� Naive approach :
1 Applying low-rank matrix completion onX
2 DerivingG
3 EstimatingF (non-negative least-squares)

� Multiplicative updates for WNMF (using MM strategy) (DORFFERet al. 2018)
� Nesterov updates within an EM strategy for (semi-)WNMF (VU THANH et al. 2021 ; YAHAYA

2021)
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Performance of some of these methods

� Crowdsensing-like particulate matter sensing
� Compact Optical Dust Sensor (Sharp GP2Y1010AU0F)
� Scene = 10� 10 discretized area (n = 100) observed bym= 26 sensors
� The values iny range between 0 and 0.5 mg/m3 (no sensor saturation)
� Dictionary with 62 atoms
� y is 2-sparse
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Performance of some of these methods

� We aim to test the in�uence of :
1 the proportion of uncalibrated sensors to haveone unique rendezvouswith calibrated ones

(default 30%),
2 the proportion of missing entries inX (default 90%)
3 the input SNR (default noiseless)

� For each test condition, we launch 25 random runs with5e5iterations
� Perf. criterion : RMSE over rows ofF

M. Puigt Applications des modèles de faible rang 28/06/2024 34



Foreword Classical applications of low-rank models In-situ sensor calibration Joint multispectral image restoration and unmixing Low-rankness in the AI Era Discussion Références
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Comparison with state-of-the-art method (SAUKH , HASENFRATZ et
THIELE 2015)

� New simulations with more rendezvous to see how the approaches perform
� Randomly remove a proportion of missing entries inX (much more calibrated data than in the

previous tests)
� Perf criterion : RMSE, success rate (RMSE below 1e-10) in noiseless and noisy cases

(SNR� 30 dB)
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